ETH Quantum Information Theory HS 13

Eidgendssische Technische Hochschule Ziirich

.
Swiss Federal Institute of Technology Zurich Serles 8 Dr. J.M. Renes

Exercise 8.1 Classical channels as trace-preserving completely positive maps.

In this exercise we will see how to represent classsical channels as trace-preserving completely positive maps
(TPCPMs).

a)

Take the binary symmetric channel p,

Recall that we can represent the probability distributions on both ends of the channel as quantum
states in a given basis: for instance, if Px(0) = ¢, Px(1) = 1 — ¢, we may express this as the 1-qubit
mixed state px = ¢ [0){0] 4+ (1 — q) |1)(1].

What is the quantum state py that represents the final probability distribution Py in the computational
basis?

Now we want to represent the channel as a map

Ep : S(Hx) — S(Hy)
pPX — Py

An operator-sum representation (also called the Kraus-operator representation) of a CPTP map & :
S(Hx) — S(Hy) is a decomposition {Ey}, of operators Ej, € Hom(Hy, Hy), > ExEx' = 1, such
that
E(px) =Y Brpx Ex'.
k
Find an operator-sum representation of &p.

Hint: think of each operator E, = E,, as the representation of the branch that maps input z to
output y.

Now we have a representation of the classical channel in terms of the evolution of a quantum state.
What happens if the initial state px is not diagonal in the computational basis?

Now consider an arbitrary classical channel p from an n-bit space X to an m-bit space Y, defined by

the conditional probabilities {Py| x=z(Yy) }xy

Express p as a map &, : S(Hx) = S(Hy) in the operator-sum representation.

1Sometimes there are also called completely positive trace-preserving maps (CPTPMs).



Exercise 8.2 Different Quantum Channels

Consider two single-qubit Hilbert spaces H4 and Hp and a CPTP map
Ep:S(Ha)— S(Hp)
p%p%+ﬂ*MM
which is called depolarizing channel.

a) Find a Kraus representation for &,.

Hint: Remember that p € S(H4) can be written in the Bloch sphere representation:
1 o L
p:§(]l—|—r-a), FeR®, P <1, 7-0=ry0,+ryoy+71.02, (1)
where 0., 0y and o, are Pauli matrices. It may be useful to show that
1
1= 5(p + 0ypoy + oypoy +0.p02).

b) What happens to the Bloch radius 7 of the initial state when we apply £,7 How can this be interpreted?
¢) Find Kraus representations for the following qubit channels
(i) The dephasing channel: p — p' = E(p) = (1 — p)p + pdiag(poo, p11) (the off-diagonal elements
are annihiliated with probability p).
(ii) The amplitude damping (damplitude) channel, defined by the action |00) — ]00), |10) —

VT=D[10) + \/pl01) .

Exercise 8.3 Classical capacity of the depolarizing channel

Consider the depolarizing channel we have treated in the exercise before that is described by the CPTP map
Sp : S('HA) — S(HB)
1
p—py+(1-pp.

a) Now we will see what happens when we use this quantum channel to send classical information. We
start with an arbitrary input probability distribution Px(0) = ¢, Px(1) = 1 — q. We encode this
distribution in a state px = ¢ |0){0] + (1 — ¢)|1)(1|. Now we send px over the quantum channel, i.e.,
we let it evolve under £;. Finally, we measure the output state, py = Ep(px) in the computational
basis.

Compute the conditional probabilities {Py| X:w(y)}xy.

b) Maximize the mutual information over ¢ to find the classical channel capacity of the depolarizing
channel.

¢) What happens to the channel capacity if we measure the final state in a different basis?



