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Exercise 6.1 Partial trace

The partial trace is an important concept in the quantum mechanical treatment of multi-partite systems,
and it is the natural generalisation of the concept of marginal distributions in classical probability theory.
Given a density matrix ρAB on the bipartite Hilbert space HA ⊗HB and ρA = TrB(ρAB),

a) Show that ρA is a valid density operator by proving it is:

1) Hermitian: ρA = ρ†A.

2) Positive: ρA ≥ 0.

3) Normalised: Tr(ρA) = 1.

b) Calculate the reduced density matrix of system A in the Bell state

|Ψ〉 =
1√
2

(|00〉+ |11〉) , where |ab〉 = |a〉A ⊗ |b〉B.

c) Consider a classical probability distribution PXY with marginals PX and PY .

1) Calculate the marginal distribution PX for

PXY (x, y) =


0.5 for (x, y) = (0, 0),

0.5 for (x, y) = (1, 1),

0 else,

with alphabets X ,Y = {0, 1}.
2) How can we represent PXY in form of a quantum state?

3) Calculate the partial trace of PXY in its quantum representation.

d) Can you think of an experiment to distinguish the bipartite states of parts b) and c)?

Exercise 6.2 State Distinguishability

One way to understand the cryptographic abilities of quantum mechanics is from the fact that non-orthogonal
states cannot be perfectly distinguished.

a) In the course of a quantum key distribution protocol, suppose that Alice randomly chooses one of the
following two states and transmits it to Bob:

|φ0〉 = 1√
2
(|0〉+ |1〉), or |φ1〉 = 1√

2
(|0〉+ i|1〉).

Eve intercepts the qubit and performs a measurement to identify the state. The measurement consists
of the orthogonal states |ψ0〉 and |ψ1〉, and Eve guesses the transmitted state was |φ0〉 when she obtains
the outcome |ψ0〉, and so forth. What is the probability that Eve correctly guesses the state, averaged
over Alice’s choice of the state for a given measurement? What is the optimal measurement Eve should
make, and what is the resulting optimal guessing probability?

b) Now suppose Alice randomly chooses between two states separated by an angle θ on the Bloch sphere.
What is the measurement which optimizes the guessing probability? What is the resulting probability
of correctly identifying the state?
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Exercise 6.3 Fidelity

a) Given a qubit prepared in a completely unknown state |ψ〉, what is the fidelity F of a random guess
|φ〉, where F (|φ〉, |ψ〉) = |〈φ||ψ〉|2? The fidelity can be thought of as the probability that an input state
(the guess) |φ〉 passes the “ψ” test, which is the measurement in the basis |ψ〉, |ψ⊥〉.

b) In order to improve the guess, we might make a measurement of the qubit, say along the ẑ axis. Given
the result k ∈ {0, 1}, our guess is then the state |k〉. What is the average fidelity of the guess after the
measurement, i.e. the probability of passing the “ψ” test?
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