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Sheet 1V

Due: week of October 22

Question 1 [Gauss curvature versus Riemannian sectional curvature |: Consider a Rie-
mannian manifold M of dimension n > 2. For a point p € M let II C T,,M be a two-plane.
Let G be the geodesic plane at p with respect to II, i.e.

G = exp(Il) = {exp(X) : X € IT}. (1)

Show that the Gauss curvature of the surface Gy at p is equal to the Riemannian sectional
curvature R(E,, By, 1, Ey), where {E}, Es} is an orthonormal basis for II.

Hint: Set up Riemannian normal coordinates (z',...,2") with origin at p. In these
coordinates the metric is given by

1
Gij(x) = ;5 — gRikjlxkxl +0(r*), (2)

where r = />, (x%)? (this expansion is part of the result of question 2 of sheet III). Set
up the coordinates such that Gy is given in these coordinates by

Gn={peM:z*=...=2"=0} (3)

i.e. E] and E, span II. Introduce polar coordinates r, ¢ in Gy and calculate the circum-

ference C, of a circle S, : y/(2')? + (22)? = r using
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Here g;; is the induced metric on Gp. Recall from the lecture that the Gauss curvature
K at the point p is given by

dc,

9 2 3
= =21 —wKr + O(r). (5)

Question 2 [Riemannian spaces of constant curvature |: On a domain of R™ consider
the conformally flat metric

9ij = Q26 (6)
and set
1
Q e —
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where r = /> " (2*)? and ¢ is a constant.



(i) Show that every plane II has sectional curvature Ky equal to c.
Hint: Show that

Ffj = Q7 1(679,Q + (5;?82{2 — 0;;0,12) (8)
and show that R;j;,; reduces to
Riji = c(girgji — 9ugjr)- (9)
(ii) Consider the case ¢ = 1. Show that (R", g) is incomplete.
Hint: Show that the distance between the origin and a point at infinity is finite.

(iii) Consider the case ¢ = —1. Show that points at the distance r = 2 from the origin
are at infinity.

Remarks: To (ii): Adding the point at infinity we get the sphere S™. To (iii): This
space is the hyperbolic space H".

Question 3 [Lorentzian spaces of constant curvature : On a domain of R™*! consider
the conformally flat metric

Guw = L (10)
and set

= 1 —i—lia’ (11)
where o = nata” = —(2°)2 + 2, r = /Y ., (2)? and ¢ is a constant.

(i) Show that every spacelike plane has sectional curvature equal to c.
Hint: Show that

[l = 07 (04052 + 540, — o 0,) (12)
and show that R,,.s reduces to
Ryvap = (Guagus = 9upGva)- (13)
(ii) Show that every timelike plane has sectional curvature equal to —c.

(iii) Consider the case ¢ = 1. Find the domain in R"™! where the metric is defined. Show
that the 2%-axis is a geodesic and show that the proper time (i.e. the arc length along
the geodesic measured from the origin) becomes infinite at the point (2,0,...,0).

(iv) Consider the case ¢ = —1. Find the domain in R"*! where the metric is defined.
Show that the z%-axis is a geodesic. Show that the past of the point with coordinates
(2,0,...,0) is the whole hyperplane z° = 0. Consider the points p’ with coordinates
(2+¢,0,...,0) and p” with coordinates (=2 — ¢,0,...,0). Show that p’, p” can be
connected by a curve with arbitrarily large arc length (argue without setting up an
integral for the arc length).

Remark: The space in (iii) is called de Sitter space the one in (iv) anti de Sitter.



