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Chapter 1

Introduction

This course is about electronic transport in meso- and nano-scale conduc-
tors. First, the words “meso” and “nano” will be defined. Then, we will
provide specific examples of both fields (mostly mesoscopic physics). Nano-
physics and nano-technology are very popular subjects nowadays. Nano-
science deals with the creation and manipulation of objects whose size in
at least one dimension is less than 100 nanometer (1nm = 107%m): for ex-
ample, a graphene film is few nanometer thick whereas its other dimensions
are of the order of a micrometer. Figure 1.1 shows typical length scales in
meso- and nano-physics. According to this rule, various things got the name
“nano”. An old nano-device is the scanning tunneling microscope (STM), cf.
Fig. 1.2, with a resolution down to a few A (= 107'm). The STM exhibits
generic features of a nano-system: a atomic (nano-) scale object, the tip of
the STM, can be manipulated at the macroscopic scale; therefore, the system
is tunable and incorporates both quantum and classical motion. Further ex-
amples of nano-systems studied today in the context of electronic transport
are carbon nano-tubes and carbon nano-films (graphene) which are typical
nano-system. Generically, “nano” refers to a fixed length scale (nanometer)
in physics, biology, chemistry or material science. Depending on tempera-
ture, interaction, ..., nano-physics can incorporate different effects. In total,
nano-physics is not so well restricted as the traditional meso-physics, which
is defined as transport physics for which quantum effects become important,
i.e., when the typical size of the object L is less than the typical inelastic
length scale Linetastics L S Linelastic;, which may be the coherence length L,
or the energy relaxation length L,..x depending on the system studied. Fig-
ure 1.3 shows typical examples of micro-, meso-, and macro-systems. The size
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Figure 1.1: Typical length scales in meso- and nano-physics. Taken from
S. Datta [1].

Figure 1.2: Sketch of an scanning tunneling microscope (STM). The STM
probes the density of states of a material using the tunneling current which
flows from the metal tip of the microscope to the surface. The tunneling
current depends sensitively (exponential) from the distance of the tip to the
surface; a resolution up to 0.1nm is possible. For its development in 1981
The lateral resolution is limited by the size of the tip. The tip of a good STM
is made of a single atom giving it a lateral resolution up to 1 nm. earned its
inventors, Gerd Binnig and Heinrich Rohrer (at IBM Ziirich), the Nobel Prize
in Physics in 1986.
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Figure 1.3: Length scale of micro-, meso-, and macro-scopic systems together

with some examples.

of a meso-system is most of the time in the um scale. However, sometimes
mesoscopics crosses over to the new nano-physics.

Mesoscopic physics deals with subjects from quantum physics, e.g., in-
terference, quantum statistics, and interaction. Interference plays a role in
systems with continuous spectrum (complicated wave functions in dirty sam-
ples or in a chaotic dot). Furthermore, the discrete spectrum in quantum
dots, metallic granule can be seen as an effect of interference. A famous
example of interference is the Aharonov-Bohm ring with a possible which-
path experiment. Unlike “classical” atomic physics, mesoscopic physics deals
with many indistinguishable particles and, therefore, the consequences of the
quantum statistics (Fermi, Bose, ...) become visible. In general, interaction
effects play a more important role in mesoscopic systems which are essen-
tially zero dimensional (0D) compared to physics in 2D and 3D bulk material.
Moreover, new effective particles (quasiparticles) which appear in interacting



1.1 Conductance fluctuations
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Figure 1.4: Dirty two-dimensional conductor. The crosses denote the position
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of the impurities which fluctuate from sample to sample. The mean free path
is denoted by ¢. An additional magnetic field H may be applied perpendicular
to the sample.

many-body systems can be studied, e.g., spinons and holons in 1d Luttinger
liquids or anyons in quantum Hall effect materials. Additionally, mesoscopic
physics can shed light on fundamental problems in quantum mechanics, like
the measurement problem (=interpretation of quantum mechanics) or nonlo-
cality (Bell-type experiments). In the following, we will briefly discuss some
interesting topics in meso- and nano-physics.

1.1 Conductance fluctuations

Mesoscopic physics, a relatively new subject, started in a narrow sense with
the theoretical work by Altshuler who predicted strong fluctuations in the
conductance G (in mesoscopic physics, the inverse resistance G = 1/R and
not the resistance R is the quantity which is typically studied) of quasi two-
dimensional films [2], provided the conductor describes coherent transport of
a dirty sample, i.e., quantum interference plays a role and the probability of
an electron to reach the other side depends on the position of all impurities
in the sample, cf. Fig. 1.4. Therefore, sample to sample fluctuations of the
conductance are expected and the standard way to characterize fluctuations
is by its variance

(0G%)im = (G = (G)im)*)im (1.1)
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Figure 1.5: Two paths contributing to the conductance. The magnetic field
induces an Aharonov-Bohm flux which changes the relative phase between
these paths. The sensitivity with respect to the magnetic field (the change
of the magnetic field which changes the conductance on the order Gy) is a
magnetic flux quantum ®, = hc/e over the area of the sample L.

where the subscript “im” denotes the average over all possible configurations
of impurities and

(G)im = dLo /L (1.2)

is the average conductance. Altshuler found that the standard deviation

3G = \/(6G2)im ~ Gy (1.3)

is universal and approximately given by the conductance quantum Gy = €2 /h,
with A = 27wh. The relative fluctuations

oG ~6_2i_ 3
(i  hdo — 2k2d(

(1.4)

do not depend on the system size L; here, we have inserted the Drude con-
ductivity o = 2e?k2(/3hm with ¢ the mean free path into Eq. (1.2). This
result is surprising if one believes that quantum (or classical) self averaging
should reduce relative fluctuations at large distances.

Nevertheless, it is a fact that self averaging is absent in a coherent meso-
scopic sample. Soon, Lee and Stone considered fluctuations of the conduc-
tance as a function of the applied magnetic field or other external parameters
[3]. The following argument provides an easy way to understand why the
conductance will fluctuate with changing magnetic field: the conductance
is proportional to the transfer probability P, ., of an electron starting from
the left side to reach the right side of the sample. The quantum mechani-
cal probability (in the path integral picture) is the square of the sum of the
amplitudes of all possible paths,

Py = |AL + A = |AL)? + |As]? + AL A + AL Ay, (1.5)



1.1 Conductance fluctuations
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Figure 1.6: Conductance fluctuations due to changes in the applied magnetic
field.

here, we consider for simplicity only two paths with amplitudes A, cf.
Fig. 1.5. For the average probability (P, .;)im, the cross-terms A;Aj and
A} As vanish due to the fact that the relative phases are randomly distributed
(except for special situations leading to the weak-localization corrections
which we discuss later); the two probabilities simply add up (P,_p)im =
|A1]? + |As]? = Py + P, without any interference. In the calculation of the
second moment

<P2 >im X (P1—|—P2)2—|—2|A1|2|A2|2 = <Pa—>b>12m+2P1P27 (16)

a—b

terms with A; A3 and AjAs also drop out while performing the impurity
average. On the other hand, there is an additional term 2|A;|*|A3|* which
does not average out. The standard deviation is given by

6Pyp = /(P — (Pacp)im)Dim = V2P, Ps. (1.7)

Now, if we apply even a weak magnetic field, the relative phases between
all the paths change and the conductance changes. Thus, the conductance
fluctuates in the same way as it would for different realizations of the impurity
potential. A more detailed calculation shows that the standard deviation
of the conductance fluctuation is of the order of the conductance quantum
Gy = €2/h, cf. Fig. 1.6. Similar fluctuations in the conductance also appear
as a function of voltage bias, cf. Fig. 1.7 [4].

1.1.1 Weak localization

The study of localization was pioneered by P.W. Anderson already in 1958
[5], i.e., long before the discovery of the conductance fluctuations. Depending
on the strength of the disorder, one talks about strong or weak localization.
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Figure 1.7: Fluctuations in the differential conductance due to variations of
the applied voltage.

Tamm states

Valence band

Figure 1.8: Typical band structure of a semiconductor. In the conduction
and valence band, electronic states are extended (conducting). The Fermi
level lies within the band gap where no bulk states exist. Nevertheless, there
may by some surface- (Tamm-) state even within the band gap.
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Figure 1.9: Paths responsible for weak localization.

Localization is an effect in dirty noninteracting electronic systems. In quasi
three-, two-, or one-dimensional sample where the impurity potential is peri-
odic (a crystal), a band structure appears as known from condensed matter
physics, cf. Fig. 1.8. Electrons with energies lying in one of the bands propa-
gate freely through the crystal, whereas electrons with energies in the gap do
not propagate at all [except possible surface- (Tamm-) states|. What happens
now if we randomly shift all these impurities a bit? In quasi one-dimensional
systems, all states become localized. In three dimension a mobility edge
forms, i.e., localized states appear only at the boundaries of the band. If
we increase the disorder, more and more states become localized until, for
strong disorder, all states become localized.

There are also corrections to transport due to localization physics before
the system turns insulating, weak localization. Here, we are interested in the
return probability P, ., for an electron starting at the position a returning
back after a certain time. The probability is the square of the sum of the
amplitudes of all path. For simplicity, we consider again only two path
(black and gray in Fig. 1.9): the black path goes counterclockwise (with
amplitude A), whereas the gray path is its time reversed analog which goes
clockwise through the same set of impurities (with amplitude A). If time
inversion symmetry is not broken, i.e., without an applied magnetic field,
both amplitudes are the same A5 = A,y = A. Hence, the return probability
is given by (coherent backscattering)

Pyo = |Ac + Ap|? = 4|A)?, (1.8)
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Figure 1.10: (a) Granules absorbs photons. (b) Vanishing electric field inside
granule. (c) Energy levels in the granule.

while classically, one could expect (incoherent backscattering)

Pclassical — ‘AO‘Q + ’AO’2 — 2‘A’2’ (19)

a—a

without any interference. To that effect, the usual diffusion is suppressed
and the material less conducting. The application of a magnetic field breaks
time reversal symmetry and the conductance rises. For a field B &~ ®y/¢?,
the backscattering is incoherent and the classical Drude result holds.

1.2 Complex systems with random level dis-
tribution

1.2.1 Absorption of radiation by metallic granules

Even before the discovery of localization, people studied systems which today
may be called mesoscopic or nano-systems; an example is the polarizability
of small metallic granules. It is known for a long time that an ultra dispersed
media absorbs low-frequency radiation well, cf. Fig. 1.10(a). One may think
about ultra dispersed media in terms of small metallic granules which are
plugged into some nonconducting matrix. The reason for the absorption was
(and still is in some respect) a big puzzle. Gorkov and Eliashberg (well-
known for their work about superconductors) studied this system. Their
idea was that each electrons moves quasiclassically in a granule occupying
one of a set of discrete levels. The problem is that each level should be
accounted for and it is difficult (if not impossible) to predict the location of
the levels. They suggested to use the so-called Wigner-Dyson distribution
for the levels (a result of random matrix theory [6, 7]) which was already
successful in describing of the level distribution of big molecules, a nucleus,

9



1.2 Complex systems with random level distribution

or other complicated quantum objects where the spectrum is impossible to
calculate from first principles. In the random matrix theory, the probability
P(e) to find two levels spaced by ¢ is given by

P(e) x (%)ﬁ, (1.10)

where A is the mean level spacing [Fig. 1.10(c)] and the parameter 5 depends
on the universality class: § = 1 if both time-reversal symmetry and spin-
rotation symmetry are present, § = 2 if time reversal symmetry is broken,
[ = 4 if time-reversal symmetry is present and spin-rotation symmetry is
absent [8]. Gorkov and Eliashberg predicted a large polarizability. It took
the physics community several years to realize that they made a simple mis-
take: screening was neglected, and each electron was assumed to respond to
the total applied electric field, cf. Fig. 1.10(b). However, if the granule is
polarized completely, the electric field in this granule will be (almost) zero.
Assuming that each electron would still feel the initial electric field, a huge
dipole moment was obtained. Even though the theory was wrong, the idea
to use random matrix theory was very stimulating. Evetov proved using his
supersymmetric method that the level statistics indeed follows Eq. (1.10). In
the middle of the 90s, Altshuler and Spivak reconsidered this problem. They
solved it purely quantum mechanically, i.e., they did not assume that the
electrons move quasiclassically and even the absorption process was taken
into account quantum mechanically. Their calculation matches the experi-
ment up to a reasonable accuracy.

1.2.2 Conductance fluctuations and Dorokhov distri-
bution function

Having introduced the random matrix theory with the corresponding dis-
tribution of energy levels in the last section, we now take a look at the
conductance and the conductance fluctuations of a diffusive quantum wire
from a different perspective. As will be shown later, the conductance G of
a quantum wire (waveguide) with Ny, channels (or propagating modes) is

given by
2e?
where Gy = €*/h is the conductance quantum and the factor of 2 originates

in the spin degeneracy. The transmission probability (T') is averaged over all

10
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channels. The classically Drude conductance

S

G =70, (1.12)

depends on the length L and the cross-section S of the wire; the conductivity
o is given by Kubo formula at zero frequency o = e?vD [9, 10] with —e
the charge of an electron, v the density of states at the Fermi energy, and
D = vl/3 the diffusion constant. Substituting the density of state of a free
electron gas v = mky/m2h? into Eq. (1.12), we obtain
S o mkp vl B 2¢? S/{;g 194

G="2¢ _ L
LS 22 3 ~ h 3L

(1.13)

Note that number of channels in the wave-guide can be estimated quasiclas-
sically as Nepannels = Sk2/m% (i.e., one channel per area 72/k2 = (\p/2)?).
Comparing Eq. (1.11) to Eq. (1.13), the average transmission probability is
given by

(1.14)

i.e., the average transmission probability is of the order of ¢/L, a quantity
which approaches zero for L — oo. Does this mean that a typical trans-
mission probability is of the order ¢/L?. The answer is “no”. Typically
most channels are closed T' &~ 0. Only n = Neames ¢/ L channels which
are completely open with T" &~ 1 carry most of the charge. The transmis-
sion probability T itself is distributed according to the Dorokhov distribution

function [11, 12]
1

TV1I-=T
see Fig. 1.11. This result is general for a quasi one-dimensional diffusive wire
with the total length smaller then localization length L < Ly, where the
localization length can be estimated as Lo & Nenannel?, i-€., when the con-

P(T) (1.15)

ductance becomes of the order of the conductance quantum Gy = €?/h. The
switching between of the channels between on and off state is characterized
by the standard deviation [2]

o2

6G ~ . (1.16)

11
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100

I—

0 0.2 0.4 0.6 0.8 1
T

Figure 1.11: The Dorokhov P(T') distribution is a bimodal distribution where
T is most likely either 0 or 1.

0 E+#0
+ — ||t
|

Figure 1.12: (a) A ballistic conductor, i.e., an adiabatic channel with
voltage drops at the entry and exit. (b) A Josephson junction, i.e., a
superconductor-normalconductor-superconductor interface. The current [
through the Josephson junction is proportional to sin(A¢) where A¢ is the
order-parameter phase- difference between the two superconductors, see [13].

12
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(a) (b) (c) I(¢)

Figure 1.13: Setup of the Aharonov-Bohm effect with the magnetic lux ®
penetrating the ring: (a) With unavoidable back reflections at the second
fork, (b) Without back reflections at the second fork due to the reflectionless
four lead geometry. The picture (c) sketches the persistent current effect
which appears in the same loop geometry without bias.

1.3 Nonlocality of quantum transport

1.3.1 Coherent conductors

Another important feature of mesoscopic transport and quantum transport
in general is nonlocality. On the one hand, in classical transport theory,
Ohm’s law works and the local current density j is proportional to the local
electric field E

J(E)=0E (1.17)

with the proportionality constant given by the conductivity o. In particu-
lar, there is no response (current) without a driver (electric field). On the
other hand, in quantum systems, it can well be that, even without electric
field, there is a finite current flowing. In a sense this is trivial as electrons
move ballistically; accelerating an electron at some point in the wire, it will
move on forever. For a ballistic wire, the voltage drops at the entrance and
the exit of the one dimensional wire where the electrons are accelerated, cf.
Fig. 1.12(a). Nonetheless, there is a finite current flowing in the conduc-
tor. Another example in condensed matter are Josephson junctions (weak
links) in superconductors, Fig. 1.12(b), where a current flows between two
superconductors without an applied driving field (a gradient of the order
parameter in this case).

1.3.2 Aharonov-Bohm effect

Another aspect of the nonlocality of quantum transport is the well-known
Aharonov-Bohm effect [14]. In this case, the nonlocality enters via the fact

13



1.3 Nonlocality of quantum transport

that the current depends on the total flux threaded by the loop. If two
quantum wires enclose a solenoid producing a magnetic flux ®, as shown in
Fig. 1.13, a vector potential A, but no driving forces (E = 0, H = 0) act at
the location of the wire. The net effect of the vector potential on the electron
wave-function is to accumulate phase ¢, on the path A and a different phase
¢ for the path B with A¢ = ¢, — ¢ = 27D /Py and @y = hc/e the magnetic
flux quantum. In the simplest model, the current

I = |I,cosgn + I cos | = /12 + I2 + 21,15 cos Ag (1.18)

is a superposition of the individual currents I,y with the corresponding
phases ¢, . Figure 1.13 shows two possible experimental setups: in Fig. 1.13(a)
back reflections at the second fork cannot be avoided and therefore some spu-
rious resonances appear. This setup was realized experimentally [15, 16]. The
situation in Fig. 1.13(b) is easier to analyze as back reflection are suppressed
due to the four lead geometry in the second fork. Aharonov and Bohm were
studying this setup exactly due to the fact that it shows nonlocal physics, a
thing which is absent in classical mechanics.

1.3.3 Persistent current

Another nonlocal effect in mesoscopic physics is the persistent-current effect:
applying simply a magnetic field through a ring, current starts to flow, see
Fig. 1.13(c). Theoretically, this is expected, but in early experiments deco-
herence was strong enough to suppress this effect. In the case of a ballistic
quantum wire, theory predicts the current to be given by
eVp

I~ I (1.19)
with L is circumference of the ring which matches with experiments. For the
diffusive case, the current is theoretically expected to be given by

e

I~ —, (1.20)

Tp

where 1, = L?/vpf is the diffusive traveling time around the ring. Interest-
ingly, the value obtained experimentally [17] is much larger than the theoret-
ical prediction. Over ten years, this discrepancy was tried to resolve without
success. Recently, Schechter, Imry, et al. [18] have attempted to explain
the magnitude of the persistent current with attractive pairing-interacting
known from BCS superconductivity.

14
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Figure 1.14: (a) Interference of the electrons in the double-slit experiment.
(b) Mesoscopic which-path detector.

1.3.4 Which-path detector for electrons

A variation of the Aharonov-Bohm interferometer, closely related to the mea-
surement theory, is the which-path detector. The version in the double-slit
setup, is well-explained by Feynman in Ref. [13]: imagine a screen with two
holes through which photons propagate behind which another screen is placed
detecting the photons. If we assume that there is no decoherence and we do
not detect through which slit the photon passes, an interference pattern will
reveal itself on the detection screen. In contrast, if we detect through which
hole the photons have passed, the interference is gone, i.e., only a single
intensity maximum is observed. This Gedanken experiment, which is quite
important for the development of quantum mechanics, was first checked in
an experiment performed at Weizmann, Israel using the mesoscopic setup
of an Aharonov-Bohm interferometer, cf. Fig. 1.13 [19]. The experiment
was performed in a quasi two-dimensional electron gas which is realized in a
GaAs-GaAlAs heterostructure. Applying an additional electrostatic poten-
tial by top gates, certain areas of the gas can be depleted such that the motion
of the electrons can be further confined. To check the quantum coherence,
the Aharonov-Bohm effect was measured, corresponding to the interference
pattern in the double-slit experiment. In a next step, a quantum dot was
introduced in one arm to detect the electron passing by using a capacitive
coupling to a nearby quantum point contact; the current through the quan-
tum point contact depends on the fact whether the electron is located in the
dot or not. While performing the experiment, the Weizmann group observed
that if the charge detector in the dot is sensitive enough to be sure that the
electrons are detected then the interference pattern disappears.

15



1.4 Conductance quantization in a quantum point contact

Figure 1.15: (a) Differential conductance as a function of the width of the
quantum point contact. The width can be tuned by changing the gate volt-
age. The conductance rises in steps of 2¢2/h as more and more channels be-
come conducting. Breaking the spin-degeneracy by introducing some Zeeman
splitting half-plateaus are also observed (b) The quasiclassical approximation
works for opening angles o > 1/7? ~ 2.5°.

1.4 Conductance quantization in a quantum
point contact

The conductance quantization in a quantum point contact (a constriction in a
quantum conductor) is another interesting subject which will be treated later
in this lecture in more detail. Here, we will present only the main ideas. The
effect of the quantization of the conductance in a quantum point contact
was first observed in 1988 [20, 21]. The quantization of the conductance
appears due to the fact that when opening the constriction more an more by
applying a gate voltage one channel after the other becomes transmitting.
As each channel which is fully transmitting carries the conductance 2Gy =
2¢%/h (the factor of two is due to the spin degeneracy), we expect steps in
the conductance as a function of the width of the constriction [solid line in
Fig. 1.15(a)].

This reasoning remains valid as long as we can treat the conductor quasi-
classically, i.e., as long as the width of the sample acts as an effective potential
on the motion of the particle along the wire. Interestingly, in the experiments
the constriction was relatively short like in Fig. 1.15(b). Therefore, one might
expect the quasiclassical approximation to break down. Regardless, in the
experiments clear steps were observed. The puzzle was solved by Glazman,
Lesovik, et al. [22] shortly after the experiments where published: the quasi-
classical approximation is valid as long as the opening angle « is larger than
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gate

e/2 e/2

left lead dot right lead

Figure 1.16: Setup leading to Coulomb blockade physics. The charge trans-
port from the left to the right lead is blocked at certain values of the gate
voltage.

1/7? and not larger than 1 as one might naively expect. When applying
additionally an in-plane magnetic field, such that the orbital motion is not
disturbed but a Zeeman splitting breaks the spin degeneracy, also steps of
e?/h were observed [dashed line in Fig. 1.15(a)] [21].

1.5 Coulomb blockade

Coulomb blockade was found in the 1980s by K.K. Likharev and co-workers.
The effect is due to interaction of electrons and cannot be explained in a sim-
ple one particle picture. The Coulomb blockade describes the disappearance
of current across a small object (quantum dot, granule, ...) with a large
capacitance C' because of a large charging energy Ec = €?/2C (—e¢ is the
charge of the electron) on the island: the large charging energy suppresses
the adding or removing of charge carriers on the island blocking the charge
transport. The Coulomb blockade requires the charging energy F¢ to be
larger than other energy scales important for transport like the voltage bias
eV or the temperature 7T'.

Applying additionally a bias U, the number of particles can be tuned.
Furthermore, it is possible to remove the Coulomb blockade electrostatically
and thereby creating a single electron transistor (SET). A transistor is a
device where the current across it depends sensitively on the applied gate
voltage U. The electrostatic energy of n electrons on the island biased with
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1.6 Noise and the statistics of charge transport

Figure 1.17: Scattering of an electron at a potential barrier.

a voltage U is given by

(ne)’
Ec(n,U) = —— — nel. 1.21
It is possible to choose U = U* such that Ec¢(n,U*) = Ec(n + 1,U"), i.e.,
the electrostatic energy for n and n + 1 particles is the same. Solving the
equation for U*, we obtain
e(2n+1)
U= ——=. 1.22
50 (1.22)
At this value of the gate voltage, charges can flow. The sensitivity of the SET
is given by |6U| = €/2C. It depends on the discrete nature of the charge. For
vanishing charge quantization, e — 0, the resistance would be just the sum of
the two tunneling resistances combined in series. Already, this simple theory
manages to explain the experimental results up to a reasonable accuracy.

1.6 Noise and the statistics of charge trans-
port

In any conductor current and voltage fluctuate, the so-called noise. A fun-
damental source of noise is thermal (or Nyquist-Johnson) noise determined
by the fluctuation-dissipation theorem. In nonequilibrium or in quantum
systems, there are more sources of noise, shot-noise, flicker-noise, .. ..
Consider the quantum mechanical problem of scattering of an electron
at a potential. In general, one part of the wave function is reflected (with
amplitude r) and another is transmitted (with amplitude t). Probability
conservation implies that the particle is either reflected (with probability
R = |r|*) or transmitted (with probability T' = [¢|?), ie., R+ T = 1. It
is important to note that quantum mechanics inevitably has a randomness
associated with it; a single electron is either transmitted or reflected and
quantum mechanics provides us with the probabilities for these events. Of
course, this randomness produces noise the so-called shot (or partitioning)
noise. Around 1989, Lesovik [23] and others [24-26] were able to derive the
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spectral density at small frequencies and temperatures

S(0) = /dt ((HT(0) — (1)) = 627€2VT(1 ST =D —T),  (1.23)

of the current fluctuation induced by partitioning in a two-terminal conduc-
tor; here, V' is the voltage applied across the conductor. The result was later
on generalized to the multichannel and multilead case [25]. In Eq. (1.23)
for shot noise, the charge quantum e appears explicitly, i.e., one can infer
the value of the charge by measuring S(0) and (I) knowing the transmission
probability 7. This fact was used to observe the fractional charge e* = e/3
in the quantum Hall effect at filling 1/3 as well as the charge 2e in supercon-
ducting systems.

For a ballistic two-terminal conductor, it is even possible to calculate the
full probability distribution P(Q;) of the charge Q); = —ne transmitted dur-
ing a given time t. Levitov and Lesovik demonstrated that the distribution
(named full counting statistics) is given by

P(Q,) = (Z) (1 —T)N ", (1.24)

a result which is valid for long times where N = eVt/h > 1 [27, 28]. The
distribution function is called binomial distribution. It can be obtained by a
simple Bernoulli (coin tossing) process, where N is the number of attempts
and T is the success probability. For dirty sample which are coherent, we
can use Eq. (1.24) and averaging the transmission probabilities using the
Dorokhov distribution Eq. (1.15) for the transmission eigenvalues.

1.7 Entanglement — Bell’s inequality

Soon after the invention of the quantum mechanic, Einstein, Podolsky, and
Rosen thought about a paradox which reveals strange correlations inherent
in quantum mechanics which cannot be explained in classical terms [30]. We
will present here Bohm’s version of the Einstein-Podolsky-Rosen paradox:
consider two particles (photons or electrons) with a spin degree of freedom
created in singlet state. If these particles fly away from each other (particle
1 to position L and particle 2 to position R, see Fig. 1.18), their finale state
is described by

Wyeer = (1Tl — D/, (1.25)
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Figure 1.18: Bohm’s version of the Einstein-Podolsky-Rosen experiment.

Two particles are emitted from the source S in opposite directions resid-
ing in a singlet state. Later, their spin degree of freedom is detected along
an arbitrary direction in the two detectors Dy and Dg. The correlation pre-
dicted by quantum mechanics and measured experimentally [29] cannot be
explained by any local hidden-variable theory.

Performing a measurement on the first particle and measuring it at the lo-
cation L in state T (), we know for sure that the second particle is in state
1 (7). This correlation by itself could be produced by a classical fluctuating
magnetic field which always acts in opposite direction along the measure-
ment basis at the two position of the particles. The crucial point is that
the quantum mechanical state described by Eq. (1.25) produces correlation
in any measurement basis (the singlet is rotationally invariant) whereas the
classical fluctuating magnetic field can reproduce the nonlocal correlations
only in one basis. Bell proved that the quantum mechanical correlation can-
not be obtained by any local hidden-variable theory. The state |V)gpr is an
entangled state. Entangled states are the reason for the increased power of
quantum computers with respect to their classical analogues. It is used, e.g.,
for cracking classical codes by factoring large prime number or generating
quantum codes which are secure.
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Chapter 2

Scattering problems in one
dimension

2.1 Plane waves — Scattering states

In one dimension, the Schrodinger equation is given by

h? d?
with m the mass of the particle and V' (z) the potential energy. For a free
particle with V(z) = 0 at energy E > 0, the solution can be written as
U(z) = a,e™ +age ™*® with the wave vector k = v2mE /h: this corresponds
to two plane waves, one (with the amplitude a;) incoming from the left
and the other (with the amplitude ag) incoming from the right. Adding
a potential £ — E — V(z) with V(z) — 0 for || — oo, the plane-wave

+ikx

solutions e develop into scattering states of the form

ke 4oy e 4 0

U, (z) = { (2.2)

t etk T — 00

for the right moving part and

W) = {t o (2.3

e~ hr 4 rRe’kx T — 00

for the left moving part; here, t, x (r,») are transmission (reflection) ampli-
tudes of the scattering problem.
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2.1 Plane waves — Scattering states

2.1.1 Unitarity

Due to the fact that Eqgs. (2.2) and (2.3) are stationary states, no charge
accumulation can happen and the current

. qh " N
I(z) = —z%[\ll(x) V' (z) — U'(2)* ¥ (z)] (2.4)
has to be constant, I(xz) = const. Assuming the system to be in state ¥,
the condition for constant current implies

L—|rf* = [t.]?, (2.5)

where the right (left) hand side is the current for the asymptotic scattering
state for x — 400. Analogously, the condition for the right scattering state
reads

1— |rel® = |ta] (2.6)
In general, the condition of constant current should also hold for arbitrary
linear superpositions ¥(z) = a, ¥, (x) 4+ ag Vg () of the two scattering eigen-
states. Setting the current on the asymptotic left side x — —oo equal to the
current on the asymptotic right side x — oo yields

* * * * _ * * * *
—ara,rity —ana, tir, = aja, tir, + ana, rit,, (2.7)

where we already used Eqgs. (2.5) and (2.6) to get rid of the terms proportional
to |ay,s|*. Equation (2.7) for all a; implies

*
TLtR

= —tiry,. (2.8)
This condition leads to the fact that T = [t,]* = |tx|?, i.e., the transmission
probability T is the same for both right and left moving scattering states; even
more, for a time-reversal invariant Schrodinger equation of the form (2.1)
without a vector potential, it can be shown that the transmission amplitudes
themselves are equal,

t, = tg. (2.9)
On the other hand, for a symmetric potential with V(z) = V(—x) the re-
flection amplitudes agree, r, = 7. In general, all the amplitudes can be
collected in a scattering matrix

(e tw
S = (tL TR) , (2.10)

which connects the ingoing to the outgoing parts of the scattering states at
energy E. The conditions Eq. (2.5) to (2.8) simply mean that S is unitary.
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N eikx U(ZL’) _ tLeik:c

TLe—ikx

Figure 2.1: Quasiclassical scattering problem.

2.1.2 Current eigenstates

As the current is independent on the position z, it is also possible to find
eigenstates of the current operator at a given energy FE. Introducing the
shorthand notation

~ 1
IIn) = —
(mlin) = -

for the dimensionless current I = (m/hk)I, the task is to diagonalize the

(Wi ()W, () = W, () Wi ()] (2.11)

Hermitian matrix

(LRI|LR) = ( ! t“”R) | (2.12)
rit, =T

which is I expressed in the basis U, r- The eigenvalues, given by
Iy=+VT (2.13)

belong to the eigenstates W, ; the W, (x) are the normalized states with the
maximal (minimal) currents possible.

2.1.3 Quasiclassical Approximation

The quasiclassical or WKB (Wentzel-Kramers-Brillouin) method is a way to
solve the Schrodinger Eq. (2.1) for slowly varying potentials V(z) = U(x), cf.
Fig. 2.1; for one dimensional problems it assumes a particularly simple form.
To derive it, we plug the Ansatz U(x) = A(z)exp[iS(z)/h] into Eq. (2.1),
and obtain (for the real and imaginary part)

A//(x)
A(z)

S'(z)? — 2m[E — U(x)] = A? and [A(z)2S'(z)] = 0. (2.14)

The latter equation is easily integrated, A(x) = const/+/S’(x). Inserting this
solution into the former equation, yields

()2 — 2mlE — U(x)] = [Z < ‘28 ) o % < ?98)] (2.15)
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2.1 Plane waves — Scattering states

To obtain the WKB approximation, we expand S(z) in k%
S =Sy +h*S; +h'Sy+ ..., (2.16)

and insert this expansion into Eq. (2.15). To 0" order, we obtain

Si(z)? = 2m[E — U(x)] — So(z) — So(z0) = + /zdztp(:z:) (2.17)

o

where the local momentum is given by p(z) = \/2m[E — U(x)]. Calculating
the next order, one can check that the quasiclassical approximation is valid
whenever |0, [h/p(z)]| < 1, i.e., the wave length does not change considerably
on the length of one period. To sum up, in quasiclassical approximation the
wave function of a particle at energy E is given by

U(z) = Leifmdmp(m)/h (2.18)

Ip(z)]

with C' an undetermined constant fixed by the asymptotic (or normalization)
condition.

2.1.4 Accounting for a vector potential

In classical mechanics, there is no effect of a magnetic field on a particle whose
motion is restricted in one dimension. Similarly, in quantum mechanics, a
time-independent vector potential A(z) in the Schrédinger equation

{__ [_m% _ _A(x)] T V(x)}\ll(m) — V() (219)

can be gauged away; here, ¢ (m) is the charge (mass) of the particle and ¢
is the speed of light. Let ¥ (x) be a solution of Eq. (2.19) with A(x) = 0,
then

U(z) = exp [z% / i’ A(:v’)} O (1) (2.20)

is a solution with A(z) # 0. Therefore, the application of a magnetic field
yields only an additional phase. The transmission and reflection probabilities
remain unchanged.
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2.1.5 Linear spectrum and scalar potential

The one dimensional Fermi sea has the particular property that low-energy
excitations moving to the right follow the dispersion £ = vzp with vy the
Fermi velocity. With certain restrictions, this approximation on the spectrum
is valid. Assuming a linear spectrum, we can write down the time-dependent
Schrodinger equation

i — gl (e, 1) = velih - — LA ) (221)

th— — x x,t) = vp|—th— — =A(x x .

at q 80 ) ) F al‘ c ’ )

for a particle in a dynamical electric- () and magnetic- (A) potential. Know-
ing the solution W) (z,¢) = explik(z —wv;t)] for ¢ = A = 0, the wave function

U(x,t) = exp{%/: dx’ [A(w',t_ x;F:L‘/) _ U_CF¢<$/,t_ :U;Fx,ﬂ}

—vpt
x U0 (1) (2.22)

is a solution of Eq. (2.21), i.e., all effects of the vector- and scalar potential
can be incorporated in a time-dependent phase; there is no backscattering at
a potential for arbitrary fields.

2.2 Wave packets

Both traveling and spreading of a wave packets are usually exemplified for a
Gaussian packet as this is one of the only cases where all the integrals can be
calculated exactly. Here, we want to present some general result which are
valid for a wave packet with arbitrary shape. The motion of a wave packet is
given by Ehrenfest theorem which implies that for average (z) of the position
operator z the quantum version of Newton equation

()

is valid [1]. If we consider the time evolution of a wave packet, a wave function
U which is nonzero only in a small region around the average value (x). The
average value of x changes in accordance with Eq. (2.23). Assuming that the
shape of the packet does not change in time, the motion of the packet could
be equalized with the motion of a classical particle and quantum mechanics
would map trivially on classical mechanics. In general, this kind of reasoning
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2.2 Wave packets

is wrong. Firstly, because the wave packet broadens and, secondly, in order
that the motion of the center of the wave packet coincides with the motion
of the classical particle, the following condition

dU () dU ({z))
< dx >_ d{z) ~’ (224)

should be satisfied.

Let us now consider the motion and broadening of a wave packet in details.
The width of the packet is characterized by the variance ((Az)?) = (22)—(x)?
with Az = z — (x). Expanding the right hand side of Eq. (2.23) around (x)
for a small packet size ((Az)?) up to second order, we obtain

d*(z) _ dU({z)) 1d°U((x)) >
# w2 dp AT

(2.25)

If the potential is changing slowly and the size of the packet is small,

dU ((x))
0] ‘ (2.26)

PU) (2
Tapi (80"

<< ‘

we can retain only the first term on the right hand side of Eq. (2.25). The
equation of motion for the average (x) is then equal to the equation of motion

of a classical particle,
d*(z)  dU((z))
m = - ;
dt? d{x)

for example, in free space with U(z) = 0, the center of mass of the package

(2.27)

moves inertially with a velocity (v) which does not change with time, that is
(x)y = (x)o + (V)t. (2.28)

Next, we are interested in the time evolution of the spreading ((Az)?);: the
Heisenberg equation of motion for the operator (Az)? reads
d(Az)*>  0(Ax)* i d{z)* i
= —[H, (Az)?] = — -
i TR L Gl e TR
where [A, B] = AB — BA is the commutator. Using the free particle Hamil-
tonian H = p?/2m with [p, ] = ik to evaluate the commutator

[H, 2. (2.29)

1 1 h
[H, 2% = %[Pgaﬁ] = %(p%Q — 2%p?) = %(xp + px), (2.30)
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we obtain for first derivative with respect to time

d(Az)®> ap+pr  d{z)*  aptpr
d m d m

2(v) (). (2.31)

Writing down the Heisenberg evolution for the operator in Eq. (2.31)

P(Ax)? 9 (d(Ax)?\ i d(Ax)?
~ ot = H 2.32
dt? 8t< dt >+h{’ d } (2.32)
d*(z)* i, axp+px
J— _ H .
dt? h { ’ }
gives the second time derivative of the variance (Ax)?. Inserting the com-
mutator
rp + px 1 9 ) 2ﬁp2
{H, m } = om2 [p*(zp + px) — (zp + px)p”] = pmcR (2.33)
we obtain

2
@ T mr a2
Now, as p? commutes with H, all higher order derivatives with respect to

2 2 2 2/.\2 2
d*(Az)®  2p*  d¥x) _ 2p® 5 (2.34)

time vanish,
d"(Ax)?
dtm
for all n > 2. The operator for the width of the wave packet evolves like

—0 (2.35)

(Az)? = (Az)? + (mp o 2(v><az))t + (:722 - <v>2)t2. (2.36)

m

Taking the average yields

(a0 = (@oho+ (F2EED atoyia)or (L] - ) 2am

m

As ((Az)?); must be positive for all times, the coefficient of the linear term
in ¢ cannot be large; for typical initial wave packets, the term even vanishes
and the expression simplifies to

(Ax?); = (Ax?)o + ((Av)*)t?, (2.38)

with the velocity dispersion ((Av)?) = (v?) — (v)%. Note that there is a
part of the time evolution ¢ < 0 where the wave packet shrinks and a part
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impurity
etk t. eikx
TLe_ka
“«—>
A

Figure 2.2: Delta-scattering potential. A potential can be approximated by
a Dirac delta function when its range is smaller than the wavelength X of the
incident particle.

t > 0 where the wave packet expands. The only reason why one usually
talks about the fact that wave packets smear out in time is the problem of
preparing wave packets which contract. As stated before, quite generally,
the initial condition corresponds to ¢ = 0 and the wave packet will expand
in time. The smearing of the wave packet coincides with smearing of a set
of classical particles given an initial distribution with the same ((Ax)?)y and

((Av)?).

2.3 Scattering potentials

2.3.1 Delta scatterer — Impurity potential

To calculate the transmission amplitude through a delta scattering potential
of the form V' (z) = Vpd(z) with §(x) the Dirac delta function, the Schrodinger
equation

—o T %5(@} U(z) = EV(x) (2.39)

has to be solved. Away from x = 0, the solutions are of the form e™** with
k = v2mFE /h. Thus, we make the Ansatz

U(z) = (2.40)

ethe Ly e 4 ()
. )
t et 0<zx

with ¢, (r,) the transmission (reflection) amplitude, cf. Fig. 2.2. The Schrédinger
equation (2.39) implies the continuity of the solution W(0~) = ¥(0%), i.e.,

147, =t,. (2.41)
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eikx C«Jrexm - tLeikx
‘ T.Le—lkm C_ e Y0
=0 =1L

Figure 2.3: Tunneling under a rectangular barrier of length L and height Uj.

Different from the situation in Sec. 2.3.2, the first derivative of ¥ is not
continuous due to the fact that the potential has a delta-function singularity;
integrating Eq. (2.39) from 0~ to 07 yields the condition

ﬁ2

~ 5 [V/(0F) — ¥'(07)] + Vo (0) =0, (2.42)
m
which implies
h2
Together with Eq. (2.41), the transmission amplitude of the impurity

ik

= 2.44
Y ik +mVy/h2 (2.44)

can be obtained. The transmission amplitude of the delta scatterer ap-
proaches zero for £ — 0; this a generic feature of the transmission for all
scattering potentials.

2.3.2 Rectangular barrier

To describe the tunneling of a particle with energy E under a rectangular
potential barrier of length L and height Uy, Fig. 2.3, we make the piecewise

Ansatz
eikx + TLe—ik‘z <0
U(r) =4 Che™ +Ce™ 0<z<lL (2.45)
t etk L<x

for the scattering wave function of the particle; here, k = V2mFE /h and
»x = /2m(Uy — E)/h are wave vectors in the appropriate regions. To find
the solution of the tunneling problem, we have to match the wave functions
and their derivatives at at x =0

T(07) = w(0H) — L 47 =C+C, (2.46)
V() |oco- = U (2)lomor  —  ik(1—1y) = 5(Cy — C_),  (2.47)
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2.3 Scattering potentials

and at x = L

W(L™) =V(L") — Cpet O™ =t e™F (2.48)

U (2)|ger = V(2)|oerr — 2(Cre’ —C_e™*) =ikt e (2.49)

By eliminating r and ¢ from systems of equations (2.46) to (2.49), we obtain
for coefficients C'; and C_ in between,

2ik (3¢ £ ik)eT L

(3¢ + ik)2e>L — (3¢ — ik)?e*L”

O, = (2.50)

Inserting into Cx into Eq. (2.49), we obtain the transmission amplitude

dik ,
t = —ikL 2.51
" (e +ik)2e 7 — (3¢ — ik)2exL (251)
For long barriers, »L >> 1, we can neglect the term proportional to e™* in
denominator of (2.51) and we obtain
dik s -
_ —(3¢c+ik) L
b, = —(% k) (2.52)

The transparency (transmission probability) 7' = |t,|? of the barrier is in this
limit given by

16k%*
Note that a quasiclassical analysis would only yield e~?>¢; the prefactor
16k*»%/(k* + »*)? is due to sharp edges of the barrier which violate the
quasiclassical assumption.

T = (2.53)

Hartman effect

The Hartman effect describes the fact that the time a particle needs for
tunneling through a long tunneling barrier does not depend on the length of
the constriction [2]. Consider the propagation of a wave packet

dk o B2t/ 2
U(z,t) = %f(k:)e”“” Rk7t/2m. (2.54)

where f(k) is a function localized around ky and normalized according to
[(dk/2m)|f(k)|* = 1. The wave packet can be approximately written as

dk e .
\I](.CC, t) ~ %f(k)ezkxfwo(kfko)tfzhkgt/Zm (255)
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Figure 2.4: The double barrier (two potentials in series) can be thought of
as an analog to the Fabry-Pérot interferometer in optics. The interference
leads to resonances whenever kL ~ 7Z.

with vg = hko/m. Thus
U(z,t) ~ Uz — vot, 0)eHot/2m (2.56)

After the scattering (t — oo) at a potential with the transmission probabili-
ties t;, the transmitted part of the wave packet will have the form

dk -
Ut~ [ o Fk)t, efke—ink?t/2m (2.57)

Inserting the expression (2.52) for the rectangular barrier

AjJee— (k)L
oo B (2.58)

x

in the limit (k < 5, L > 1), we may write

4ike=>L

x

Uz, t) ~ U(z — vt — L,0)ekat/2m, (2.59)

i.e., the particle tunneled through the barrier with length L without using any
time. This effect is also tagged paradox, as traveling with a speed larger than
light seems to be possible. The solution of this paradox can be seen due to the
fact that still no fast information transfer is possible, as the probability that
the particle actually tunnels through the barrier is exponentially suppressed.

2.3.3 Double barrier — Fabry-Pérot

The double barrier structure consists of two scattering potential in series.
Because of the coherent nature of the transport, interference appears which

35



2.3 Scattering potentials

lead to transmission resonances (quasibound states). The transmission char-
acteristics could be calculated using the formalism of last Section, i.e., wave
function matching. Here, we want to employ a different approach and sum
up the amplitudes of the different paths the particle can take. The setup is
sketched in Fig. 2.4. The transmission amplitude is given by the series

t, = tity + tl(TQ@ikLrleikL>t2 + tl(meikLrleikL)ztg + ... (2.60)

where the first term corresponds to a path traversing both barriers without
being reflected, the second term corresponds to a path involving an additional
round trip (bracket), and so on. Summing up the geometric series yields the
transmission amplitude o
1l2
t, = [R——— (2.61)
Note that ty = t,, as ty can be obtained from Eq. 2.61 by swapping t; and ¢,
and t;, is symmetric in #; and ¢5. An interesting feature of the transmission
amplitude is the fact that for a symmetric barrier with ¢; = ¢, the resonances
at kL ~ 7Z are perfect with ¢, = 1; that is, even though the individual
barriers are not perfectly transmitting, the whole device is. This effect is
due to interference and serves as a clear feature of coherence. As soon as the
coherence is lost, we expect T ~ TiT, which can be much less than unity.
This effect is used in the experimental for checking of the coherence. Note
that when T" < 1, one can not decide, if the system coherent or not. The
case T' =1 is the indication of coherence. Out of resonance

t1t

fo=—2
. L+ |ryms

(2.62)
At |t1o] < 1 it gives T = T1T/4 so we see the effect of the destructive
coherence in compare to incoherent case T' ~ TiT5.

In the same way, we can sum up the paths waves for the left reflection
amplitude

r, = efszrl 4 efsztleszybesztl + efsztlesz (rge’kLrlelkL)TgelkLtl 4.
(2.63)
which yields
t2rpeihl rie”*L 4 opoetkL (12 — 2)

—ikL
rL=T1€ + e — . . (2.64
1 — ryrqe?ikL 1 — ryirqe2ikL )
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Figure 2.5: A double barrier can also be thought of as a quantum dot. Having
three barriers in series models to a double dot system.

Using the unitarity relation ¢jr; = —t;7r] to rewrite the expression
r r r
2 2 %11 2 1 * * 1
"1 "1 "1

Inserting the result into Eq. (2.64), we obtain the reflection amplitude

1 Rie kL — pyroethl
TL - —

ry 1 — ryrqe2ikL

(2.65)

The right reflection amplitude can be obtained from (2.65) by the replace-
ment 1 < 2

1 Rye L — p el 1 Rye L — piryet*l
TR —_ — —

ry 1 —ryrge?kl ry 1 —ryrge?kl

(2.66)

2.3.4 Double dot

A double dot system can be modeled by two resonances in series, cf. Fig. 2.5.
This can be done in a similar fashion as in the last section. The idea is to
use the result for the transmission #,3 and reflection T93,, amplitudes for 2nd
and 3rd scatterers together

tgtg 2tk Lo

1 — rorqe2ikLlz’

1 R2 — T'9T3€

T23L =

tys = (2.67)

75 1 — rorgel
as a single object and insert them into the formula Eq. (2.61) for the double
barrier, replacing t, and rs, i.e.,
tit
t, = 172 (2.68)

- 1 . T1f23 Leik‘LQGQikJLl ’
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2.4 Lippmann-Schwinger equation

where additional factor e*/2 in the denominator corresponds to the shift of
the center of the effective barrier composed by 2nd and 3rd barriers. Note
that we do not need for 793 r. Performing the substitution, we see that the
transmission amplitude of the double dot ¢, is given by

y l1lats
L == . . . .
1 — ryrge2kly — porge2ikla 4 pypg(ry [ry)e2ik(L1+12)

(2.69)

2.4 Lippmann-Schwinger equation

In general, solving the scattering problem involves finding of a solution to
the Schrodinger equation

—%A +U(z) + V(z) |v(x) = Ed(z) (2.70)

at the energy F in a potential U(z)+V (x) with a given asymptotic form of the
extended (nonnormalizable) wave function as the boundary condition. We
take U(x) to be a potential where we can solve the scattering problem exactly
and think of V(x) as a perturbation. In general, we assume that the potential
U(x) + V(x) goes to zero for |z| — oo rapidly enough such that we can
define an asymptotic wave vector k = v2mFE /h. The differential equation
Eq. (2.70) with the appropriate boundary conditions can be formulated as an
integral equation, called Lippmann-Schwinger equation. Rewriting Eq. (2.70)
as

(B — Ho)(x) = V(z)p(x), (2.71)

with Hy = —h?A/2m + U(x), we see that V(z)y(x) can be treated as a
inhomogeneity to the homogeneous Schrodinger equation (E — Hy)W¥(z) = 0.
Solving the fundamental equation

(E — Hy)G(z,2') = §(x — 2) (2.72)

for the outgoing Green’s function G(x,z') with G(z,2") ~ e™**l for |x| — oo,
we can write the solution as

() = U, (2) + / da' G, 7' )V (2 ) (), (2.73)

where W, (z) is a scattering state (incoming from the left) of the unperturbed
Schrodinger equation with V(x) = 0. For 1D systems, the Green’s function
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Scattering problems in one dimension

lii

Figure 2.6: (a) Quantum point contact which is treated as unperturbed

potential U(x ) for the Lippmann-Schwinger problem. (b) Quantum point
contact with an additional delta scatterer. (c¢) Quantum point contact with
a quantum dot (resonance).

is given by
2 U (2)Wg(2! > 7
Glz,2) = o (@) (@) x>t (2.74)
PPw | U ()W, (2)) 2 <2
and the Wronskian is given by
w =V (2)Vg(x) — VU (2)V}(z) = 2ikt,, (2.75)

independent on z; the second equality w = 2ikt;, was obtained using the
asymptotic form of the scattering states, Eqgs. (2.2) and (2.3). In the free-
particle case with U(z) = 0, the wave functions are given by W, g, (x) = et
and G(z,2") = me*l=='l /ink.

2.4.1 Impurity on a rectangular barrier

As an example, we study the situation in Fig. 2.6, i.e., a delta-scattering
potential (impurity) at position zy on top of a constriction, cf. Fig. 2.6(b),
i.e., long rectangular barrier of the form as in Fig. 2.3. Let V = Vyd(x — xp)
and U(z) be the potential of the constriction, see Fig. 2.6(a): the Lippmann-
Schwinger equation (2.73) in this case reads as

77bL(x) = \IIL(I) + G(ZL‘, o) Vobe (o). (2'76)

which can be solved for ¢y (zg) = W.(x)/[1 — VoG (20, 20)]. Thereby, the

scattering wave function assumes the form

Gz, x0) VoW (o)

) 2.
1-— ‘/E)G(x(), 1‘0) ( 77)

Yu(z) = Wy (z) +
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2.4 Lippmann-Schwinger equation

with W, (x) as in Eq. (2.45) and Ug(z) = e W (L — z). Inserting (2.74)
and restricting to x > xy, we obtain

‘/E]\IJR(ZEO)\I}L(‘TO)
RPw/2m — VoW (x0) Wy (z0)
1

= T @V ) U () () ) (2.78)

P (z) = |1+ U, ()

Knowing the asymptotics of the wave function for the rectangular barrier,
U, (z — 00) ~ t.e* Egs. (2.45), and defining the transmission amplitude #
ikx

as (x — 00)y ~ t.e*® we obtain a result for the transmission amplitude

. t,
t, = ,

(2.79)

where we set w = 2ikt, and t, is given by Eq. (2.51). To calculate ¢, explicitly,
we need to know ¢, and Wy (x0) W, (). Starting from Eq. (2.52), the following
results can be obtained easily in the limit »L > 1 and » > k:
to= Ak = G=HiRL
P
and .
U (zg) = —%[6_%% + e~ 2L—w0)]

7
Inserting these results into Eq. (2.79) and using the fact that Wy(xy) =
e~ * W, (L — ), we obtain

~ tL
t, = '
" T (Vo I (1 1 e 20 + ¢ 2AL-m))

(2.80)

The transmission shows almost no dependence on the position of the reso-
nance whenever x, in neither close to 0 nor L.

2.4.2 Rectangular potential and two impurities

The transmission through two impurities, cf. Fig. 2.6(c) can be calculated
similar to the method in the last section. The potential assumes the form

V(z) =Vid(z — x1) + Vad(xz — x9). (2.81)
The Lippmann-Schwinger equation (2.73) simplifies to
Yu(z) = Vo (x) + Gz, 21) Vi (z1) + Gz, 22) Varhy, (x9). (2.82)
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Which we will solve approximately by performing perturbation theory up to
2nd order (in Vj and V3). The zero order solution is given by the solution
involving only the rectangular barrier,

U (@) = U, (). (2.83)

To first order, we plug (2.83) into the right hand side of the Lippmann-
Schwinger equation (2.82), which yields

P (2) = Gz, 2)Vi W, (1) + Gz, 22)Va Ty (22). (2.84)

Going to second order, we obtain the solution, z > L,

2mWg (1)
h2w

2mUyg(x2)

o () + Ve

P (z) = 0, (z) <v1 w£1><x2)), (2.85)

for the particle incoming from the left.
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Chapter 3

Waveguides — Multi-channel
scattering problems

Quasi one-dimensional systems are built by constricting the motions of the
particles in the lateral dimensions (y,z) such that only the motion along
x is allowed, cf. Fig. 3.1. The plane wave of last chapter are then replace
by modes, i.e., plane waves with a lateral structure of a bound state. A
waveguide can in general carry many modes. For low temperatures and
strong constriction, only the lowest mode becomes important and we enter
the regime of pure 1D transport discussed in the last section. In general,
more than one mode needs to be taken into account.

3.1 Mode quantization

We will show in a simple example of a translation-invariant system (along
x) how this mode quantization comes about. The problem to solve is the

Figure 3.1: A waveguide, elongated along x, with an adiabatically changing
shape.
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3.2 Scattering problems in waveguides

stationary Schrodinger equation

{—%Ajt‘/(a:,y,z)} U(xr,y,2) = E¥(x,y,2), (3.1)

where, at first, the potential V(x,y, z) = V(y, z) and the boundary conditions
are translation-invariant. Therefore, we can make the Ansatz V(z,y,z) =
X(y, 2)e’*”
eigenvalue equation for the transversal part reads

. Plugging this Ansatz in Eq. (3.1), the equation separates and the

h2
@O V) ) = Banns) (32)
with n the mode index and x,(y, z) the corresponding wave function. The
eigenenergies F, (the quantization energy) can be interpreted as the energy
which is needed to generate the transversal structure. The transversal modes
Xn(y, z) form in general a complete

D xnw, 2y 2) = 6y —y)o(z = 2) (33)

and orthonormal

/ dydz X, (Y, 2)Xn (Y5 2) = Omn (3.4)

set. Therefore, the general solution of Eq. (3.1) can be expanded in this set
and is given by
U(x,y,2) = chxn(y, z)etkne, (3.5)

where k, = /2m(E — E,)/h is the wave vector of the n-th mode and ¢,
are constants. Depending on the energy E, the modes with F,, > E do not
propagate as the energy supplied is not enough for the transversal structure.
These modes become evanescent modes which decay according to e™*** with

7, = /2m(E, — E)/h.

3.2 Scattering problems in waveguides

We consider a system which for z — +oo is given by a regular (translational
invariant) waveguide; the asymptotic states are given by Eq. (3.5). In the
case there is an additional potential (or a change in boundary condition, as for
example a constriction) around some position x /& z; along the waveguide, we
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n=1

nN\S/ y
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n=23

Figure 3.2: Multilead setup.

can formulate the problem as a scattering problem. Assuming an incoming
state of the form
U™ (2,y, 2) = Xno(y, 2)€™™7, (3.6)

the outgoing wave will have the general form

(2, y, 2 ZSMM/ (v, 2)e ot (3.7)

where the sum over n runs of both the left-moving, transmitted states (n > 0,
k) and the right-moving, reflected states (n < 0, k,, = —kj,,). The additional
factor \/ky,/|kn| has been introduced to render the scattering matrix Sy,
unitary; they normalize the asymptotic states x,(y, z)e**/\/k, to carry
unit current. In a similar fashion (replacing modes by leads) it is possible to
discuss the multilead setup Fig. 3.2.

3.3 Adiabatic changing waveguides

In general, the boundary condition and the potential in Eq. (3.1) are not
fully translational invariant. Nevertheless, in many cases the changes in the
boundary condition or in the potential are slow compared to the length given
by the wave length. In these cases, one can employ the so-called adiabatic
approximation: we separate the motion in a fast (transversal) and a slow
(longitudinal) part. The fast part is the eigenvalue equation

hQ
—%(5’5 + 0%+ V(2,y,2) | Xn(2, 9, 2) = En(2)xn(z, Y, 2); (3.8)

for each cross section, cf. Fig. 3.1; the transversal quantization energy E,, ()
becomes (slightly) = dependent. Assuming adiabaticity, we make the Ansatz

\I/(a:,y,z) = Can(ma%z)(bn(x) (3.9)
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3.3 Adiabatic changing waveguides

where ¢, () solves the equation

h2 d2
[—%w + By ()| ¢n(z) = E¢n(z) (3.10)

for the motion along the wire; note, that the eigenenergies E,(x) for the
transversal (fast) mode serve as an effective potential for the motion along x
(slow). Equation (3.9) serves as an approximate solution to the Schrédinger
equation as long as we can neglect mode mixing.

As an example, we study the case of a two-dimensional electron gas
(2DEG) (extended into x, y plane) which is furthermore confined in the
y direction with the help of some gate voltages. In order to have a clear
distinction between propagating and evanescent modes, we model the con-
finement via the boundary conditions W[z, +d(x)/2] = 0, i.e., the electrons
are only allowed in the strip of width d(x) around the x axis. Assuming a
slow change of d(x), we obtain a transversal mode of the form

2 T y+d@))2
o) = g o

(3.11)

with E,(z) = h*7?n?/2md(z)?, n > 1. The last (1D) degree of freedom
¢n(z) obeys the equation (3.10) i.e., it moves in an effective potential E,(x).
To model a quantum point contact, Fig. 1.15(b), we set

d(r) = %\/ﬁ e (3.12)

with W (L) the width (length) of the constriction and o = 2 arctan(WW/2L)

the opening angle. The effective potential
h*m? L%n?

- 2mW?2(x? + L?)

En(z) ~ B,(0) — %Qiﬁ (3.13)

is approximately quadratic close to the top of the barrier (z = 0) with the
expansion coefficients

h2m2n? hmn
= oz d = e

The tunneling problem in a inverted parabola can be solved exactly [1]. The
transmission probability in (3.13) is given by the Kemble formula

E,(0)

-1

Tn(E) — GQF[ETL(O)_E]/E'QH + 1 , (314)
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Figure 3.3: (a) A strip waveguide with an impurity scatterer at (zo,vo). (b)
The transmission (conductance) of a quantum point contact showing a dip
close to the opening of the second channel; this is due to resonant reflection
by a quasibound state in the impurity potential.

a smeared step function which goes from 0 at F < E,,(0) to 1 for £ > E,(0)
where the crossover happens in a range of the size of hf),/27. In order to
observe steps in the conductance as a function of W, as depicted in Fig. 1.15,
the width of the Kemble form Af2, /27 should be much smaller than the
separation between two steps E,.1(0) — E,(0) &~ h2m?n/mW? ie.,

> — ~0.051. (3.15)

L
W = 272
Even for relatively short quantum point contacts, the quantization of the
conductance is observable [2, 3].

3.4 Impurity in a waveguide

In this section, we consider an impurity in a 2D strip waveguide of size
d, cf. Fig. 3.3(a). The goal is to qualitatively explain the dips below the
conductance steps, cf. Fig. 3.3(b), in the measurement of the conductance
through a quantum point contact. In order to have a clear distinction between
propagating and evanescent modes, we model the quantum point contact as
an infinite tube. We are interested in the situation where the electron has
an energy F which is above the threshold for the first mode, but where the
second mode is still evanescent, Fy, < E < F,. The transverse modes are

Xnl(y) = \/gsin [mr Y +dd/2] , (3.16)

given by
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3.4 Impurity in a waveguide

with the threshold energies E, = h*7?n?/2md?. The longitudinal wave func-
tions assume the form

o1(z) =e®® and ¢,(z) = e ™" n > 2 (3.17)

where k; = \/2m(FE — Ey)/h and 3, = \/2m(E, — E)/h. The Lippmann-

Schwinger equation in 2D is the same as the one in Sec. 2.4,

Pp(r) = W (r) + /d2r' G (v, v )V (") (r), (3.18)
with the 2D Green’s function
GR(r.r) =Y xaW)xu(y)GP g, (2,2) (3.19)
n>1

which separates in a projection on the transversal part and a 1D Green’s
function, cf. (2.72),

m
h2,,

m . o
emle=rl and G p (x,2') =

G- (v @) = ih?ky

e~ mle=e'l - (3.20)

As the delta potential in 2D leads to divergences, which are connected to
the fact that it induces transitions to all modes, we take a regularized delta
potential V' (r) which is V; for r € [zg — a/2,20 + a/2] X [yo — a/2,yo + a/2]
and zero otherwise. Next, we plug the unperturbed wave function ¥, (r) =
X1(y)¢1(x) together with the Ansatz

P(r) = ZCan(y)an(x) (3.21)

n>1

(the transmission amplitude ¢, is given by ¢, = ¢;) into the Lippmann-
Schwinger equation (3.18) with # — oo and project it on the [-th mode
(integrate against [dyx;(y)...). As a result we obtain

a=0u+0a’Vo Yy Amcn, (3.22)

where the matrix A is defined via

m zo+a/2 yo+a/2
M= i [ dront=aion@)| [ [ dratin)

0—a/2 0_a/2

m x0+a/2 y0+a/2
A= Az ¢ =) n d )| (323
I 125002 |:/$o—a/2 z ¢(—z)¢ (x)} Uyo_m yxi(y)x (y)] (3.23)
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The system of equation can be formally solved and we obtain
c=[1—a®VpA] c® (3.24)

with cl(o) = 015, where the problem of inverting the infinite dimensional matrix
A still remains. In the situation of Fig. 3.3(b) where the conductance shows
a dip, a quasibound state in the second channel modifies the transmission
through the first channel considerably [4]. For sake of simplicity, we take the
energy to be close to the quantization energy in the second channel £ < Es.
In this case only the first and second mode are important and the higher
modes can be neglected. We retain only the 2 x 2 matrix

A
an (B 22)

A1 Az
which can be easily inverted. Plugging it into Eq. (3.24), we obtain the
transmission probability

iT
a2VOA22 —1 + Zf

(3.25)

tL == Cl = ]_
with
il = a*VZ(A1pAy — ApAg) + a? VoAl (3.26)

The bound state of the evanescent mode is given by the relation a?VyAz, = 1.
The approximate relation Agy &~ —mx2(yo)?/h%s¢ yields the energy

a*Vgmxa(yo)?
h2

for the bound state of the first evanescent mode; for weak potentials, the

Ey=FEy— (3.27)

bound state is close to E,. Expanding the transmission amplitude (3.25)
around the position Ej of the bound state, we obtain

t=1 i (3.28)
 E—Eg+il" '
which is a Breit-Wigner resonance with width
, a*Vigm 4
i =210 h’f(yo) (' V2 (A12A01 — AAs) + a®VoAdy] (3.29)

For E = FEg, the transmission vanishes ¢ = 0 and the wave function is
completely reflected which explains the dip in Fig. 3.3(b). Note that the
bound state exists for arbitrary weak potentials as the motion is effectively
1D. The resonant reflection exists for a single impurity of arbitrary strength;
only the width I' of the resonance depends on the strength of the impurity.
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3.5 Waveguide in a magnetic field

(a)

X

. 57,

Figure 3.4: (a) Setup of a quantum point contact in a in-plane magnetic field.
(b) The solid (dashed) line shows the conductance steps without (with) an
applied magnetic. (c) Every scattering states at energy FE is split into two
scattering states at energies F + ugH.

3.5 Waveguide in a magnetic field

The application of a magnetic field has two effects on the motion of an
electron in a waveguide. First, the levels which where before doubly spin-
degenerate split due to the Zeeman effect. Second, there are orbital effects
in two and three dimensions which were absent in the one dimensional case,
cf. Sec. 2.1.4, as any vector potential can be gauged away. In the following,
we will show both the effects in specific examples.

3.5.1 Zeeman effect in a quantum point contact

A quantum point contact in a 2D electron gas (x,y-plane) with a magnetic
field

H = He,, (3.30)
in the plane defined by the electron gas cf. Fig. 3.4(a), is described by the
Hamiltonian 1 e N2

where —e is the charge of the electron, uz denotes Bohr’s magneton, and o
are the three Pauli matrices. Note that in-plane magnetic field (3.30) does
not change motion of the particle and we can reduce the Hamiltonian (3.31)
to the Hamiltonian

H =Ho+ psHoy, (3.32)
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(a)

tn /> A@g
(© 77U
mw? (y—yo)> /]

2z /

Figure 3.5: (a) Quantum point contact with a perpendicular magnetic field.
(b) Week magnetic field in a tube. (c) Edge states for strong magnetic field
in a sharp potential U(y). (d) Edge states for strong magnetic field in a soft
potential U(y).

i.e., the Hamiltonian Hy = p*/2m + U(x,y) without the magnetic field plus
the Zeeman term. To any solution (scattering or bound state) of the Hamil-
tonian H, at energy F, there are two solutions of (3.36) with the kinetic
energies F + ugH, cf. Fig. 3.4. The spin-degeneracy is split and the conduc-
tance in a quantum point contact rises in steps of €?/h while increasing the
width W of the constriction, cf. Fig. 3.4(b).

3.5.2 Edge states in magnetic field perpendicular to
the sample

If a magnetic field H is applied perpendicular to the plane, Fig. 3.4(a), there

are both Zeeman and orbital effects. In order to keep the discussion simple,

we neglect the Zeeman term and consider the simple situation of a transla-
tional invariant waveguide (tube). The Hamiltonian is given by

M= ﬁ (p + ZA)Z +U(y), (3.33)

where the potential U(y) does not depend on the position z along the wire.
We assume a constant magnetic field as before but this time the magnetic
field points perpendicular to the electron gas, i.e.,

H = He,. (3.34)
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3.5 Waveguide in a magnetic field

This magnetic field can be implemented by a vector potential of the form
A =—-Hye,, (3.35)

which depends only on the y coordinate (Landau gauge). The Hamilto-
nian (3.33) assumes the form

1 e \2 P
=—(p, — — — +U(y). 3.36

H 2m (p & y) + 2m +UW) ( )
The Schrodinger equation associated with (3.36) can be separated with the

Ansatz
U(z,y) = ™ x(y), (3.37)
where the transversal mode x(y) satisfies the following equation

2m mw?

W)+ 55 | Balk) = Uly) = 55 =)’ pnly) = 0. (338)

where w. = eH/mc is the cyclotron frequency and y, = (%4k, with (g =
V/ch/eH the magnetic length. Solving Eq. (3.38), we can obtain the energy
band E, (k) and wave function in the presence of the magnetic field. In the
absence of additional potential U(y) = 0, Eq. (3.38) reduces to the problem
of an harmonic oscillator. The solution is given by the Landau levels

1
E, (k) = hw, (n + 5) (3.39)
which are flat bands without dispersion [1].

For weak magnetic fields, we can consider the quadratic potential orig-
inating from H as a perturbation, cf. Fig. 3.4(b). The energy levels are given
by

K2k
En(k) = By + 5 —+ XOWV ()X, (3.40)

where E,, [x(*)(y)] is the quantization energy [transversal wave function] with-
out magnetic field, and

mw2

V(y) = 5 (y — 2y0y). (3.41)

For a strong magnetic field in sharp potential, the transversal mode
structure can be changed considerably for large k and H when the parabola
involves a strong confinement and is shifted far away from the origin, e.g., in
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Waveguides — Multi-channel scattering problems

the case of magnetic field in the box represented at the Fig. 3.4(c). States
form at the boundary of the potential which are called edge states.

For a strong magnetic field and smooth potential, U"(yy)/m < we, the
effect of magnetic field is to confine the motion to the position vy, i.e., U(y)
can be replaced by U(yg). The energy levels can be estimated as

h2 k>
2m

(3.42)

E, (k) = hw, (n + %) + Ulyo) +

An exact solution can be found for a parabolic confining potential
Uly) = mwiy?/2, ie,

)+ B = 3 e - w? pa =0 Gy

Introducing new variables

2 2,2
~9 2 2 - wc ~ mwcwo 2
=2 W? o= Yol Bo(k) = Bp(k) — — 02
w We Wo Yo Yo wg w% ( ) ( ) 2 (WCZ w%) Yo

this equation can be reduced to single harmonic oscillator

, 2m | ~ ma?(y — §o)?
)+ 5 B - P gm0 )
with the spectrum
- 1
E,(k) = ho <n + 5) (3.45)

without dispersion. Going back to the variables without tilde yields

1 mw2w?
E,.(k)="h 2 2 — 02 A4
(k) \/ w2 + Wi (n+2)+2(w2+w8)yo (3.46)

where the k dependence enters through yy = (%4k. Equation (3.44) shows
that go mark the position of the (edge) states. Let us fix the energy E and
express the position of the edge state in terms of £ and n,

g2:2—“’3 E—hyo?+ai(n+l)]; (3.47)
O mwg(w? + wg) Y 2)]

the larger the energy F the more the state is located towards the edge of the
sample.
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Chapter 4

Many-particle systems

In this chapter, we describe systems where many fermionic particles are par-
ticipating. For noninteracting particles, the total energy of the system is
simply the sum of the individual one-particle energies. The only difficulty is
that for fermionic particle Pauli’s principle has to be fulfilled, i.e., a state can
only be occupied by a single spinless Fermion (or two spin one-half Fermions).
A possible electrochemical potential 1 can be thought of as a particle reser-
voir which provides (accepts) particles with an energy p.

4.1 Persistent current

The persistent current is the effect that a current flows around a ring geom-
etry when we apply a magnetic flux through the loop without any electric
field applied [1, 2]. Theoretically, this is not unexpected at all as we will
see below. However, this effect needs coherence and in early experiments
decoherence was still strong enough to mask the current.

b

—> |

0

Figure 4.1: The loop of the length L with a persistent current flowing around
it driven by a magnetic flux ® threading the loop.
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4.1 Persistent current

(b) E(p)
A
//\\_‘/ \\_‘/’ — —-even N
- odd N
//\ //\ //\
S~ | > 90
-1 0 1

Figure 4.2: Single- (a) [and many- (b)] particle spectrum of the ring threaded
by a magnetic flux & = ¢p®,. The many particle spectrum shows even/odd
alternation (even without taking into account the spin degree of freedom).

In our theoretical modeling of the ring geometry, let us first consider case
with a fixed number of particles N in the system. For simplicity, we assume
these particles to be spinless and noninteracting. We restrict the Hamiltonian
of a single electron with charge —e

H= %(pﬁLZA)z, (4.1)

to the 1D Hilbert space around the ring, [ € [0, L]. Furthermore, we choose
the gauge condition for the constant magnetic field to be A = A,n (with n
is a unit tangent vector and A, = ®/L). Rewriting (4.1) as a 1D problem
involving only the cyclical coordinate [ on the ring, cf. Fig. 4.1, we obtain

1 L0 e 2
H= (‘”ﬁ + EAn> (4.2)

The energy spectrum, cf. Fig. 4.2(a),

2
(27h)? o

can be obtained easily by using the Ansatz ¢,(l) = e?™/ for the wave

function; here, ®; = he/e denotes the magnetic flux quantum. Filling in this
single-particle levels to obtain the energy of a N particle state, we observe
that the expression for the energy Ey of N particles is different whether N
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Many-particle systems

is even or odd. Assuming N to be odd yields

2 (N-1)/2

n=—(N-1)/2

h2N [N2 -1
= [ + @2} , (4.4)

ComI?| 12

with the dimensionless flux ¢ = ®/®y between —1/2 < ¢ < 1/2 (with peri-
odic continuation); note, that there exists a nondegenerate n = 0 state.For
even N, we obtain

5 N/2-1

2mL>? Z (p+n)°

n=—N/2
_ h2N [N2?2+2
omI?| 12

FEoen(0 <@ <1)=

+ o(p — 1)} . (4.5)

The energies of Eqs. (4.4) and (4.5) are depicted in Figure 4.2(b). The
persistent current is the derivative of the energy with respect to the flux,

0
On the one hand, for odd N, the current is given by
h?cN
Toga(—1/2 1/2) = ———— 4.
odd(—1/2 < < 1/2) mLQ(I)O‘P» (4.7)
on the other hand, for even N, we obtain
h?cN
Toven 1) = ——(1/2 — ). 4.
O<p<D=ma(1/2=¢) (18)

Next, we treat the case of a lead (reservoir) with an electrochemical po-
tential p attached to the loop. We assume that the connection is through a
weak link such that the internal levels of the ring are only slightly perturbed,
see Figure 4.3(a,b). The reservoir does not break the coherence in the ring,
but fixes a chemical potential p instead of the number of particles N. In
this case, the energy is given by the sum of single particle energies (4.3) with
E, < p. This is equivalent to sum the the level index n over the range
Nmin < N < Npax, Where

\/2 2
nmin:_\‘ f:nluL_{'%OJa Nmax = \‘ thluL_nga (49)

57



4.1 Persistent current

Tunnel

Reservoir

-

Figure 4.3: A ring connected through a weak tunnel junction to a reservoir
with fixed electrochemical potential p. Picture (a) shows a real-space and
(b) an energy-space representations. In (c), the dependence of the current
on the flux is plotted for fixed chemical potential.

here, |x| denotes the floor function. The total energy is given by

B(e) = S 3% (s (4.10)

which yields a persistent current

P ®
1(®) = — =
(®) mL2d, > ("+q>0>

MN=Nmin

h2
= < (nmax — Npin + 1)

Nmax + Nmin ®
mL2<I>0

— 4.11

plotted in Figure 4.3(c). In reality, elastic (and inelastic) scattering lift the
degeneracy of the levels at the crossing points smearing the sharpness of
the I(®) curve in Fig. 4.3. Let us estimate the value of the current (4.11)
in the limit of many particles, [nmax|, [min| > 1, and moderate magnetic
fields, ®/®y ~ 1. In this limit, we can estimate nyax — Nmin ~ 2kpL where
we introduced the Fermi wave-vector ky = /2mu/h? and npax + Nmin =~ 1.
From Eq. (4.11), we obtain
h%c hkre vee €

2%k L = ~ 4.12
mL2®, " mlL L 7 (4.12)

HES

where vy = hkp/m is the Fermi velocity and 7 = L /vy is the time of the round
trip. This result for clean limit is in a good agreement with experiment.
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(a) - (b)  Number of particles
n+1 A
- - - - - u 2n+2 t —
e HHTEVY/—— 2 +1 t
€n—1 ?l 2n o Apany1
1 1 1 > M
Han Hon+1 H2n+2

Figure 4.4: (a) Energy levels of a quantum dot coupled to a reservoir at
electrochemical potential p. The reservoir provides (accepts) particles with
energy . (b) Number of particles in the dot as a function of the applied
electrochemical potential .

In the dirty limit, theory predicts that the current is suppressed by the
factor 7/7p, where 7, = L?/vgl is the diffusive travelling time around the
ring. Therefore, the magnitude of the persistent current is expected to be
given by

Ip| ~ = (4.13)

D
Experimentally [3], I, is much larger than this. Over ten years, the dis-
crepancy was tried to resolve without success. Recently, Schechter, Imry,
et al. [4] explained the magnitude of the persistent current with attractive
pairing-interacting known from BCS superconductivity.

4.2 Coulomb blockade in a quantum dot

For a system of noninteracting electrons, a electrochemical potential can only
change the number of electrons in pairs of two as every level is doubly de-
generate (an electron with spin-up has the same energy as an electron with
spin-down in the same state). Coulomb interacting in a box lifts this degen-
eracy, cf. Fig. 4.4(a). In order to find the region of electrochemical potential
p where the ground state is given by an even number (2n) of particles, we
calculate energy of the states with 2n — 1, 2n, and 2n + 1 electrons in the
box, taking into account charging effects. The energy of 2n + 1 electrons is
given by

62

20(2n+ 1)> — (2n+ 1)eU + E,. (4.14)

E2n+1 - 2571 + Ent1 +
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4.2 Coulomb blockade in a quantum dot

where the first two terms denote the energy of the noninteracting particles
2n+1, 2n, and 2n — 1, the term involving the capacitance C' of the box is the
charging energy, —(2n + 1)eU denotes the electric energy in the potential U
between the reservoir and the dot, and Fj is all the additional energy of the
electron reservoir and the 2n — 2 other particles. Moving one particle from
the box to the reservoir, the energy is given by

2

Ey, =2, + n+ %(Qn) — 2neU + Ey, (4.15)

involving the additional energy i as well as the obvious changes in the charg-
ing terms. Similar considerations yield the following expression for the energy
of 2n — 1 particles in the box,

2

Eop 1=+ 20+ %(271 —1)2 = (2n —1)eU + E,. (4.16)

In order that FEs, is the ground state, we need
E,, < Egn_l, and FEs, < E2n+1 (417)

which can be rewritten as

2 2

20( n—1)<u+€U<6n+1+%(4n+l) (4.18)

Changing u, the ground state is given by a even number of particles over

region of size
o2

5.

Performing the same analysis for an odd number (2n+ 1) of particles, we

A/Jgn =&p+1 —En + (419)

have to compare the energies

2

Eonyo = 26n + 26p41 + 5 C(2n +2)? — (2n + 2)eU + Ey, (4.20)
o2
Espi1 =26, +ep1 +p+ %(271 + 1) — (2n + 1)eU + Ey, (4.21)
o2
By, =2, + 211+ —(Qn) — 2neU + Ey. (4.22)

2C

In order that 2n + 1 particles are in the ground state, the conditions
2 o2

e
Eny1 %(Zm +1) <p+elU<epr+ %(471 +3) (4.23)
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have to be fulfilled. Over a region of size

62

A,LL2TL+1 = 5 (424)

in p, the ground state is given by an odd number of particles. Note that
when the charging energy goes to zero (by continuous charge e — 0 or large
box C' — 00), the ground state involves always an even number of particles
as Apion+1 = 0. When the electrochemical potential p assumes the value

2

(&
=yt —(4n —1) —
o = €+ g (40— 1) — el

2
Hon+1 = Ent1 + 26_0(4n + 1) - €U7
2

€

Hon+t2 = Ent1 + 20 (4n + 3) - €U7

an additional particle enters the dot, cf. Fig. 4.4(b).

Bibliography

[1] M. Biittiker, Y. Imry, and R. Landauer, Josephson behavior in small
normal one-dimensional rings, Phys. Lett. A 96, 365 (1983).

[2] M. Biittiker, Small normal-metal loop coupled to an electron reservoir,
Phys. Rev. B 32, 1846 (1985).

(3] L. P. Lévy, G. Dolan, J. Dunsmuir, and H. Bouchiat, Magnetization of
mesoscopic copper rings: FEvidence for persistent currents, Phys. Rev.
Lett. 64, 2074 (1990).

[4] M. Schechter, Y. Imry, Y. Levinson, and Y. Oreg, Magnetic response
of disordered metallic rings: Large contribution of far levels, Phys. Rev.
Lett. 90, 026805 (2003).

61



BIBLIOGRAPHY

62



Chapter 5

Scattering matrix approach

So far we were reviewing scattering problems. This is the natural starting
point for the discussion of coherent transport. Nevertheless, the measurement
of individual electrons being scattered in the conductor is hard to measure.
In this chapter, we want to bridge over to a quantity which can be easily
measured, the conductance GG. As already mentioned before, it turns out
that the conductance is given by the conductance quantum Gy, = 2¢2/h
weighted with transmission probability of the channels participating in the
transport; here, the factor of 2 originates from the spin degeneracy.

5.1 Conductance in a 1D wire

Assume that an electron reservoir provides spinless electrons incoming from
the left £ > 0 up to the energy u; an experimental realization would be a
quantum wire being biased by a voltage = —eV;. As the conductor is co-
herent, these electrons populate the Lippmann-Schwinger scattering states.
Lippmann-Schwinger scattering state constitute a continuum such that there
appears the problem of how to count these states. Usually, one introduces
periodic boundary conditions putting the problem on a ring with circumfer-
ence L making the spectrum discrete and then letting . — oo. Here, we want
to pursue a different approach and form wave packets out of the extended
states.

Partitioning the energy range [0, ] into N sets of size A = /N, we form
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5.1 Conductance in a 1D wire

the wave packets

nA

U, (1) = o / dE W, p(x)e PN (5.1)
(n—1)A

with n = 1,..., N and ¥, g(z) is the Lippmann-Schwinger scattering state

(2.2) at energy E. The normalization constant can be calculated using the

relation (k = v2mE/h)

/ de W, (1)U, (x) = 26(K — k) (5.2)

of the scattering states with the asymptotic form

U, p(x) = (5.3)

ik

ezkx + TL,Ee_ka T — —00
ty, pe'™” T — 00

Computing [dz |¥,(z,t)[* and setting it equal to 1 to normalize the wave

packet yields
1

vV hAv,
with v, = \/2nA/m the velocity of the n-th wave-packet; here, we have
assumed A to be small. The wave packets in Eq. (5.1) are localized around

(5.4)

Cp =

x = 0 at time ¢ = 0 with a spreading of approximately hv,/A. In time, they
are moving with a velocity v,. For A — 0 (i.e., N — o0), the wave packets
become broader and broader approaching the scattering states (5.3).

Next, we want to calculate the current I originating from the transport
of these wave packets. The current is additive such that we can compute the
current I, of a single wave packet with index n, hereafter, summing up the
contributions of the individual wave packets. In Sec. 2.1.1 it was shown that
the current is independent on the position, such that the current

h
I = i | Wa(2)" W, (1) = W, () W () (5.5)
m
can be obtained in the left asymptotic region with W, (x) ~ ¢, ze* leading
o (A —0)
I, = —2 A%, Tya = —%ATHA, (5.6)

where Ty = |t; g|? is the transmission probability at energy F. Summing up
the contributions of the different wave packets yields the total current

N
I=)1I,= ——AZTnA (30 — /dETE (5.7)
n=1 0
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Scattering matrix approach

where in the limit A — 0 the sum of n becomes a Riemann integral. There-

fore, the conductance, the ratio between current I and voltage Vi, = —pu/e,
is given by
1 e? [MdE
G=— == —T 5.8
VB h 0 N E, ( )

Landauer’s formula for the conductance [1, 2].

The wave functions in the continuous spectrum are not normalizable.
Therefore building many-body states out of the continuum, it is a priori not
clear how much current a state carries. The trick to build wave packets out
of the states in the continuous spectrum is a way to handle the question how
to count the contribution of these states. Nevertheless, it is a bit awkward
to follow the procedure outlined in this chapter—e.g., to form wave packets,
normalize them, sum up their contributions and then let the size of the wave
packets go to co—every time one has to work with a continuous spectrum.
Luckily, there is a simple recipe which bypasses the formation of the wave
packets. The relation (5.2) provides information about how to add up the
contribution of the individual states: assuming the states 1¢(z) to form a
continuum with the “normalization” relation

[z velyveto) = ¢ - ) (5.9

the expectation value of the current operator (or any other operator which
is additive) is given by

[
1= [ Znier (5.10)

where I is the current from a particle in the state 1¢(z) and n(§) is the
occupation function (either 0 or 1) which tells if the states with index ¢ is
occupied in the many-body state or not; for temperatures ¥ # 0 n(§) can
assume any values between 0 and 1. For the case discussed above, £ = k,
I, = —ehkTg/m, c(k) = 27, and

1 R*k%/2m <
0 otherwise.

Plugging these results in (5.10), we obtain

eh [* dk e [*
I=——" 2Ty =—— | dET 5.11
m J, 27 b h/o B (5.11)



5.2 Coherent conductor

which agrees with Eq. (5.7). In the last step, we have changed the integration

variable from the wave vector k to the energy E using the density of state
(in 1D)

dk m

E = — = —

)= TE = ok

which canceled the factor k£ in the integral: each energy interval carries the

(5.12)

same current, a curious feature of 1D ballistic transport which leads to the
Landauer formula for the conductance.

5.2 Coherent conductor

So far, we discussed the simple model of spinless electrons incoming from
the left to show the basic feature of 1D transport that each energy interval
carries the same contribution to the current. In a more realistic situation,
there are spin 1/2 electrons incoming from two reservoirs, one at the left with
chemical potential yu;, feeding ¥, (x) and one at the right uy feeding Wy (x).
The total current is then the sum of the two currents

2 ML
IL=-="1 dET, (5.13)
h Jo
and
26 HR
=" [ dETs, (5.14)
h Jo

where a factor of two takes into account the spin degeneracy (each state is
doubly occupied, once with spin up and once with spin down) and the current
I, generated by the state incoming from the right acquires a minus sign with
respect to (5.7) as the wave vectors and velocities of Wy (x) are opposite to
U, (z), cf. Egs. (2.2) and (2.3). In the total current

2¢e KL

I=1I+1;=—— dETg (5.15)

h S
the contributions of the energy interval present in both baths cancel and
only the states which are biases from one side with respect to the other carry
current.
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— incident - - - transmitted ----» reflected
left state right state 4R T
- —p “_|_77 w_m
.
14+ R T T 14+ R 1+R+T T+1+R
=2 =2

Figure 5.1: Particle density (shading) due to the Lippmann-Schwinger states
originating from the left and right electron reservoir (averaged over several
wavelength to get rid of Friedel oscillations). The densities due to the states
below py are equal (dark gray). Whereas for states between py and gy, there
is a charge accumulation left of the scatterer (for 7" # 1).

— incident
- - - transmitted
-+ » reflected

Figure 5.2: Appearance of the Landauer voltage drop V; at the scatterer.
Due to the bending of the band bottom, the states being emitted from the
right reservoir between 0 and V;, are completely reflected.
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5.3 Landauer dipole

5.3 Landauer dipole

After having discussed the current which is generated by a bias in the chem-
ical potential between the left and right reservoir, we want to turn our at-
tention to the charge density generated by this stationary situation; here, we
assume [, > pg to match with the figures. The left reservoir feeds states
of the form (5.3) and the right reservoir the corresponding scattering states
Uy g at energy E which are incoming from the right. The total density at
the right of the scatterer is given by the sum

k(pL) dk k(ur) dk
=2 — | 249 — | 2
m=2 [ Es@P e [ i)

k(pr) g k(ur) ke
%2/ —TE+2/ —(1+RE) (516)
0 27T 0 27T

of the contributions of the left and right scattering states and the factor of
2 is due to the spin degeneracy; in the last step, we have averaged over a
length o< /2mu/h in order to get rid of the oscillations with period 2k(u)
(Friedel oscillations). A calculation of the density to the left of the scatterer

yields
ken) gk k(ur) ke
pr R 2/ —((1+ Rg) + 2/ —Tg. (5.17)
0

2 0 27
For nonvanishing voltage bias u; # uy and nonperfect transmission T # 1,
the densities to the right is not equal to the density to the left. The change
in density is given by

kpr) gk
PL = Pr = 4/ ~—Re (5.18)

where we used the fact that Rg + T = 1. The difference in particle density
leads to a charge dipole (as the electrons are charged with charge —e) and
therefore a voltage drop which will be built up in the stationary situation.
The voltage drop bends the band bottom. The size of Landauer voltage drop
VL in the stationary situation can be obtained by the requirement that the
incoming leads remain charge neutral, i.e., equal particle density on both
sides of the scatterer, cf. Fig. 5.2. Assuming a voltage drop Vi over the
scatterer, the left-incoming scattering state at energy E (measured from the
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band bottom in the right part of the lead) assume the new form

+ e * x — —o0

v, g(z) = - 5.19
L,E( ) \/%tL,E elkl', T — OO’ ( )

where k(E) = \/2m(E + eV,) /h (k(E) = v/2mE /1) is the wave vector in the

left (right) asymptotic region. Similarly, the right scattering state is given
by

ezkx

efik::p + erEeikz T — 00

Uy pg(z) = - e (5.20)
\/;tR,E e, xr— —00.

As we discussed in Sec. 3.2, the factor \/m is required to render the scat-
tering matrix unitary; note that the scattering problem has to be solved
again with the bended band bottom due to Vi, e.g., right scattering states
with energies I/ < —eV/, i.e., states which are below the band bottom in the
left lead, are completely reflected Rg<_ey; = 1. The density due to the left
scattering states at the left of the scatterer is given by (averaged over some
wave lengths)

k(ur) qk
PLL = 2/ 2—(1 + Rg), (5.21)
0 T

where the factor of two is due to the spin degeneracy. The density to the left
of the scatterer originating from the right scattering states assumes the form

kur) - gk I
pom = 2/ . (5.22)
b ];‘(—EVL) 27T k'

Similar, calculating the densities to the right of the scatterer yields

k(b)) dk ke
=2 — =T 5.23
PRrL /0 2 T E, ( )
kur) gl k(=€) gk
=2 —(1 2 —(1+1 24
Prr /%(GVL) 5-(1+ Bp) + /0 5 (1 +1), (5.24)

where the last term appears due to the part below the left band bottom
which is completely reflected.

It is not convenient to perform th integrations over k and k. Therefore,
we make a change of variables and integrate over energies. For p, ., we obtain
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5.3 Landauer dipole

[dk = (m/h2k)dE)

/“L dFE 1+RE (525)
\/ E—i—eV '

Analogously, for p,x, we have [dk = (m/h?k)dE]

KR dE
= 2 jm / _fe (5.26)
VEfeV, VE 4+ eV,

A similar calculation for pg;, and prp yields

medE TE
\/7/% dE1+R ~MdE 2 -
CNELEREAEM L

Summing up the densities at the left p, = p., + pLr While using Tp + Rp = 1

yields
HR dE 2 HL dE 14+ Ry
2 2 |m / 2 2 /m / AR 599
VE+ eV, eVL VE+ eV,

while the total density to the right is given by

2 [m ("™ dE 2 “LdETE
ﬁ\/?/o 2 VE h\/ / (5:50)

Assuming charge neutrality, the densities need to be equal, i.e.,

mdE 1+Rp  [™ dE 2 “LdETE
T VE + eV, P o \/_ . \/E

This equation provides a way to calculate the Landauer voltage drop Vi

(5.31)

for arbitrary energy dependent transmission and arbitrary large shifts in
chemical potential. In order to solve for Vi, we assume the (linear case) of
small Ay = py, — pp << min{ iy, pg }; it follows that also the Landauer voltage
leVL] < min{uy, pr} is small. Let us assume that T is constant over the
small energy interval [ug, ] interval. Then, we can replace v/E + eV; by
V'E and take T and Rg out of the integral in (5.31). Finally, we obtain the
Landauer voltage

— eV, = AuR. (5.32)
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Y e AN

Figure 5.3: Initial (dashed lines) 1D potential (lower part) and initial elec-
trochemical potential (upper part). Bias voltage modifies the potential and
the electrochemical potential (solid line).

The voltage drop V; is zero for perfect transmission and assumes its maximum
value —eV;, = Ap when all electrons are reflected. The current is given by

2
I= —fTAu, (5.33)
cf. (5.15) which leads to a Landauer resistance
V. 2hR

5.4 Contact resistance

The resistance in Eq. (5.34) is different than the one obtained by inverting G
in the Landauer formula (5.8). One can think about (5.8) to be the conduc-
tance measured in a two-probe measurement while Eq. (5.34) is the resistance
measured in a four-probe setup. The Landauer voltage only takes into ac-
count the voltage which drops immediately at the scatterer. Nevertheless,
for coherent transport there is an additional voltage drop at the boundaries
of the 1D conductor. This is the reason why the two formulas for the con-
ductance do not match. If we subtract the Landauer voltage drop over the
scatterer V, from the total shift in the electrochemical potential Ay = —eV,
we obtain
Ap+ eV, = AuT.

Out of symmetry considerations, we expect this additional voltage drop to
be split symmetrically between the contributions at both boundaries. At one
of the boundaries there is an additional voltage AuT'/2 which corresponds
to a resistance

h

71



5.5 2D electron density

called Sharvin resistance. Figure 5.3 shows the example of a ballistic con-
ductor (T"=1). If we apply a voltage, there appears a finite current of size
I = 2¢?/hV;. Nevertheless, there cannot be any voltage drop within the 1D
conductor (no back reflection). Therefore, we conclude that half of the volt-
age drops at the entrance and half of the voltage at the exit; for a detailed
calculation supporting this argument, see Refs. [3, 4].

5.5 2D electron density

& FE

Figure 5.4: (a) 2D Fermi surface. (b) 1D conducting channel with a number

N of modes. As the width d — oo, the quantization energy FE,, of more and
more modes lie below the Fermi energies and the 2D nature of the Fermi
surface is restored.

Let us consider 2D reservoir and calculate the electron density given the
electrochemical potential p. Therefor, we integrate unity over the 2D wave
vectors k = (ky, k) inside the 2D Fermi circle

P — / dhendlsy = 1 (5.36)
(27)2 Jj<he 2m

where the factor of two appears due to the spin degeneracy and ky = v/2mpu/h
is the Fermi wave-vector.

As the reservoir feeds a 1D conductor, we can think about it as a 1D
conductor whose lateral size d is very large. Let us see if we can restore
the 2D Fermi surface while thinking about the reservoir as being a thick 1D
conductor. As we have already seen before, in a 1D conductor with finite
thickness modes appear. The electron density in the wire can be calculated
by summing up all the 1D densities of the different modes. The electron

72



Scattering matrix approach

density in the first mode is given by

2ki(p) 2 2
D LT 5.37
P~ d xdVTF T @ (5-37)

Similarly, for nth mode, we obtain

2kn(p) 2 w2n?
= = —/kZ— . 5.38
All modes with a quantization energy FE,, < p contribute. The total electron
density is then given by

2D S 1D 2 S 2 7T2n2
pr= =) k- (5.39)
n=1 n=1

where ny = |dky/7] is the largest propagating mode number. In the limit

of a wide conductor, many channel contribute ny > 1. The sum in (5.39)
can be replace by an integral'

kpd/m

2 272 21{72 1 k2
== g T - / VI=RdA =35 (540)
m 0 0 m

d? 2

which is the same as (5.36). The electron reservoir can be thought of as a
1D conductor with many channels. As the electrons enter the 1D part the
constriction becomes narrower. All channels up to a few are then reflected.
As we have seen reflection is connected to a voltage drop due to the Landauer
dipole. That is a way to understand the voltage drop at the boundaries
between the conductor and the reservoir.

5.6 Negative differential conductance

Here, we would like to discuss a experiment performed in 1989 [5], where
back reflection over the barrier led to a negative differential resistance. Let
us consider a quantum point contact whose transverse quantization induces
a tunneling barrier of height E; (solid line in Fig. 5.5(a). Biasing the device
with a voltage Ay = —eVj a current given by Eq. (5.15) starts to flow. For
moderate bias, the current behaves almost linear. Increasing the bias to the
value

— V)2 > By, (5.41)

Here we use fol V1—A2d\ = Oﬂ/2 cos? pdp = /4.
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5.6 Negative differential conductance

(@ U@ 0

] e

O —

I—eVB /2

C)@ILW__*
7

1 1 > _€VB
2F,  2E,

St

Figure 5.5: (a) A conductor involving a quantum point contact with quan-

tization energy E; (dashed line). Applying a bias voltage —eV; > Ej the
effective potential can be approximated by U(z) (solid line). (b) Negative
differential resistance appearing between 2F; and 2F,. (c) Effective poten-
tial for the case when the bias is large; all electron from the right reservoir
are reflected and do not contribute to the transport.

electrons only move from left to right as Rp<,, = 1 (the energy is measured
from the band bottom far to the right of the scatterer). In the situation, we
the second mode does not participate in the transport, i.e.,

42 h?

—Va/2< By = o (5.42)

The dashed potential in Fig. 5.5 can be approximated by

eVs

Ulx)=——— 5.43
(1) =2, (543)

dashed line in Fig. 5.5(a), where the reflection probability

inh?[7(k — k

g Sl =R)ja] = p oy (5.44)

sinh?[r(k + k)/a]’

can be calculated exactly [6]: here, k = \/2m(E + eVy)/h and k = V2mE/h
are the wave vectors left and right of the scattering region, respectively.
Note, that the reflection coefficient is not vanishing for energies £ > —eV/; as
one might expect; there appears a reflection above the barrier. An increase
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,{ (a) N-type NDR ‘{ (b) S-type NDR

oV Vv

Figure 5.6: The current-voltage characteristics for (a) N-type or voltage-
controlled and (b) S-type or current-controlled negative differential resistance
(NDR).

in the bias voltage leads to an increase in k which tends to reduces the
transmission probability and decreases the conductance, cf. Fig. 5.5(b). Only
when the second mode becomes transmitting, the conductance rises again.
The situation described above is called voltage-controlled negative differential
resistance (or N-type nonlinearity, as the current-voltage characteristics is N
shaped), cf Fig. 5.6(a). There exists also the current-controlled negative
differential resistancs which is S shaped, cf Fig. 5.6(b).

5.7 Landauer current for a double barrier

In this section we calculate the Landauer current for the double barrier

[ _2_; dE [ny(E) — ng(E)| T(E). (5.45)

where n;, (ng) are the occupation functions of the left (right) reservoir. In

section 2.3.3, we obtained the transmission amplitude of the double barrier

structure
t1to
tL =

1 — ryroe2ikL’

where k = V2mE /h is the wave vector associated to the energy E, L is the
distance between the two scatterers, and t;, r; are transmission and reflection

(5.46)

amplitudes of the i-th barrier (i = 1,2). The transparency of the barrier is

given by
T\ Ty
T=1t]*= , 5.47
& 1+ RiRy — 2/ Ry Ry cos(2kL + 2¢7) ( )
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5.7 Landauer current for a double barrier

where T} = |t;|?, R; = |r;|* are the transmission and reflection probabilities of
the barriers, and ¢" = (¢]+¢%)/2 (¢} = argr;). The transmission probability
T(F) assumes its maximum (resonance) at wave vectors k, = (mn — ¢")/L
with corresponding energies

h2

"= 5T (mn — gpr)2, (5.48)

cf Fig. 5.7(a). The maximal value of T'(E) is given by

T
(1 — VR Ry)?

which is unity for a symmetric barrier with 77 = T5. Let us define the spacing

Tonax = (5.49)

between energy levels as

_ ‘En—&-l _En—l‘ —or h2
2 2mI2

r

A

[T — "], (5.50)
cf. Eq. (5.48); note that the energies are not equidistant and that the con-
tinuous definition A, = |0E,/0On| would yield the same result. Next, we
analyze the expression (5.47) near a resonance energy FE, (5.48). For that,

we expand the cosine in the denominator up to the second order in the energy
shift 0 F,, = I — E,, and obtain

T = Ly : (5.51)
1+ RiRy — 2/ R Ry [1 — mL2*(6E,,)? | R2E,, |
Rewriting this expression in the Breit-Wigner form
2
Tow = Wg&y Tonoe (5.52)
we introduce the half width of the resonance as
T, = P2Ey 1= VIR, _ Al - \/W). (5.53)

oml? YRRy,  27nYRiR,

For a sharp resonance 775 < 1, Eq. (5.53) can be rewritten in the simpler

form
ro— A, T, + Ty

o 2
note that the resonance becomes sharper the smaller 77 and T5.

(5.54)
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Tmin

> —6VB

> >

B, E, —eVy

Figure 5.7: (a) Transmission probability T'(E) as a function of energy. (b)
The Landauer current as a function of voltage bias V. Each resonance add
to the current value I,, = (2¢/h)nT,

Next, we want to calculate the current (5.45) for a symmetric barrier
Ty = T, with sharp resonances 71, < 1 at zero temperature. Assuming
a voltage bias V; to be applied between the left and right reservoir, their
electrochemical potentials are changed and assume the values p, = p —
eV /2 for the left reservoir and py = p + eV /2 for the right reservoir. The
integration in the Landauer formula for the current 5.45 is restricted to energy
interval [+ eV /2, u — eV /2]; the current assumes the form

p—eVe/2
2e

(V) = —5 / T(E)dE. (5.55)

u+eVp /2

Only energies near one of the resonances FE, contribute to the current. As-
suming that only the n-th resonance resides within the integration area, we
can perform the substitution ¢ = ¢" + Lv/2mFE /h to change from the energy
variable E to ¢, we obtain the current flowing through the n-th resonance

= U . 5.56
QmL2 /1—|— 2/T1 sm2g0/2a (5.56)

we omit the integration limits for simplicity and replace E by E, as slightly

changed function; also we replace R; by unity. Making the integration we

obtain?
2e 4 1 [2mlL2 ptevi/2
I,(V3) = — T, arctan (— tan —¢ | ——(F — En)) (5.57)
h T]_2 2 h2Eﬂ E=p—eVp/2
2We use f T ‘ing = 13_/\2 arctan (\/1 + X2tan %) ~ %arctan (/\ tan £ ) for A > 1.
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5.8 Landauer current for a quantum point contact

If all resonance (region [E,, —T',, ... E,+1',]) hit in the region [u—eVy ... pu+
eVg] then we can expand the limits to Vi — —oo and (5.57) gives the value

2
I, = f T, (5.58)

This current represents the additional current which appears at each reso-
nance, cf Fig. 5.7(b).

5.8 Landauer current for a quantum point
contact

h$2

<+—>

1 > —€V3
*
—eVy

Figure 5.8: Current through a QPC versus the applied bias voltage V.

5.9 Thermoelectric current

Up to now, we have always considered the zero temperature situation. It is
a result of statistical mechanics that the occupation function n(E) which at
zero temperature was either 0 or 1 dependent on the fact weather the state
was occupied or not, has to be replaced by the Fermi distribution function

n(E) =

TR (5.59)

with © = kg¥ the temperature ¥ in units of energy and kg is the Boltzmann
constant. Trivial effects of the finite temperature include the smearing in the
steps in quantized conductance function G(W) and of the sharp features of
I(V') near resonances.

To study the thermoelectric effects, we have to consider the case when
the temperatures in the left ©, and in the right Oy reservoirs are different
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from each other with a bias 0© = ©; — O;. In this case a thermocurrent
(= the electrical current induced by the temperature difference without an
applied electric potential) of size

2e r
(V)= - dE [n,(E) — ng(E)| T(E). (5.60)
will flow. It can be shown from the general formula (5.60) that for energy
independent transmission probability with 0T (F) = 0 now current will be

induced.

E

\LL(E) I ne(E)
E, = E;

O, =0 On £ 0

Figure 5.9: Explanation for thermocurrent appearance. Only electrons with
energies I/ > EL can propagate over the barrier from the right form ther-
mocurrent.

At first, we study a simple example where we will show the basic principle
for energy dependent transmittance. Let us for simplicity assume a quantum
point contact with an ideal quantization

0, E<E,

.61
1, E>FE (56)

7(5) - {
where the electrochemical potentials of the reservoirs is tuned to the quan-
tization energy, u = FEi, such that p is at threshold of opening the first
channel. Setting the left reservoir to zero temperature ©, = 0, no particle
will penetrate from the left and the part with £ > p of the electrons in
the right reservoir will be able to overcome the barrier; the thermoelectric
current is therefore given by

2e i 2e [ 1
I=—5 | dEn(E) —nu(E) T(E) = & / e SR CRL)
% 0
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5.10 Joule heat

with e = F — p. Performing the integration over ¢, we obtain®

2e
I = —AB6. (5.63)

h
If the circuit is not open, a voltage should compensate the temperature
gradient such that no current flows. Applying both a temperature difference

AO and a voltage V;, the general expression (5.60) assumes the form
2 1 1
n dE {e(E—u-i-eVB)/(@-i-A@) 1 eEwie 1 1} T(E).

) (5.64)
If the temperature difference AO is small and T'(E) depends only weakly on

[(AO,V) =

energy F, the Fermi functions can be expanded and the condition that no
current flows I(A©, Vy) = 0 yields

2e T 8n(E)
0= —TVB/ 55 LW

The voltage eV which builds up due to the temperature difference is called
the thermoelectric voltage. The linear coefficient o = V5/Ad is called
thermopower. Rewriting Eq. (5.65), we obtain the Cutler-Mott formula

[C=(E—p)/o]
ks© Olog T (1) _ 7r2 k29 0log T(1)
K< '

(5.66)

a=—

e oF 3 e or

5.10 Joule heat

As we have already seen, in a quantum conductor a current may flow in re-
gion where no electric field is applied. Another unusual fact is that heat is
produced not in the region where the voltage drops. The energy relaxation
actually takes place in the reservoirs via the emission of bosonic degrees of

SWe use [;° egc s WQH) = [ (3 — x39)dr =log 25| =log2.
4We use j_ ()”dC =_I
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Figure 5.10: Explanation for Joule heat. The contact has characteristic
length L much smaller than inelastic length ¢;, and coherence length .

freedom (phonons, photons). Let us estimate the rate of the energy dissipa-
tion. For that we subdivide the relevant energy range Apu = p;, — pg into
N distinct intervals of size Ap/N. In each of these intervals (Au/N)(2/h)T
electrons are transfered per unit of time. The energy which each of it emits
is given by Aun/N, where n labels the energy interval. Summing up the
contributions of all intervals yields to total emitted heat per unit time

Ap2 . (Ap)

N 2
P=3 aun T = 7 = (V) Val
n=1

T=-- (5.67)

2 2
N2} 2 h 2 h
5.11 Heat current — Wiedemann-Franz law

For an applied temperature difference A© # 0, no thermoelectric current
flows without an appreciable dependence of T on the energy around the
chemical potential ;. But even without an electric current flowing, the heat
flux -
2
lo=3 [ 4B n(B) - m(ENT(E)E - ). (5.68)

is still nonzero; as motivated in Sec. 5.10 the factor 2/h originates from the
amount of electrons transferred in unit time and the factor £ — y measures
the energy which each of the electrons transports. For the case of « = 0
(0T (1) = 0), the thermal current is given by
G oo
Io= [ dE[m(E) - n(B)(E - p). (5.69)

e ) o
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5.12 Violation of the Wiedemann-Franz law

with the electric conductance G = (2¢/h)T. By assuming a small tempera-
ture bias AT and expanding n,(E) — ng(F), we obtain

G [ .on
I, = AO— 2 .
o 962@/( aCd{ (5.70)
with ¢ = (F — u)/O. Performing the integration as in Sec. 5.9, we obtain

with the thermal conductivity » = I,/Ad.

5.12 Violation of the Wiedemann-Franz law

In the case where the transmission probability around the chemical potential
1 is strongly energy-dependent, an additional thermoelectric voltage

Vi, = aAY (5.72)

develops which also leads to a heat flow; in this situation the Wiedemann-
Franz law (5.71) can be violated. Inserting Eq. (5.72) into the formula for
the heat current (5.68), we obtain

[e.o]

2 1 1
Iy = h / dE {e(E—,u-l-eaAﬂ)/(@—&—A@) +1  e(B-m/6 4 1} T(E)(E = p).
) (5.73)
Expanding this expression as usual in A©, we obtain
2 [ [eadT(n) Ty , On(B)
I,=— [ dE |— — E— AO. 5.74
T h / [k OE o | F-H g (5.74)
Performing the integration, we have
2 2
I,=Go|—a®+ % (%) AD. (5.75)

Thus, only if a < (7/v/3)(ks/e), the Wiedemann-Franz law is correct. On
the other hand it is even possible that o > (7/v/3)(ks/e); but even in the case
of a large thermopower, s will still be positive as a more careful calculation
shows.
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Big dot
J
ﬁ
VL7 VR7

Figure 5.11: Setup for Peliter heating/cooling.

5.13 Large thermopower

As an example for a situation where o > (7/v/3)(ks/e) consider the case of
the scattering at a quantum point contact where the difference Uy = E; — pu of
the quantization energy of the first mode E; to the electrochemical potential
is much larger than the temperature, Uy > ©. In the situation of perfect
quantization, the thermoelectric voltage is obtained by the relation

2e 1 1
O=1I=-% 5 dE { (E—u+eVp)/(0+860) 1  o(B—m)/Or 1 1}
2e on(E) E — pon(E)
~ — s dE ———~ — dE—— A .
h{v/& i /E 1D not: (5.76)
or equivalently, introducing ( = (E — p1)/© as before,
eV / e = AO / e 5.77
e OC e ¢ (57D

For Uy/© > 1, we can estimate n as e~¢ and obtain

Uo
Ve = —A0O 5.78
"0 ( )
which yields
UO kB
=— > — 5.79
a=—g> (5.79)

and therefore in this system the Wiedemann-Franz law is not valid.

5.14 Peltier heating/cooling

Consider a system where a big chaotic dot is connected to two external
reservoirs via two leads, cf. Fig. 5.11. We model the system by assigning a
potential Vy; to the dot and potentials V;, and V3 to the left and at the right
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5.14 Peltier heating/cooling

reservoirs, respectively. Let us consider the situation where the voltage drops
VL — Vi and V}, — Vi are much smaller than temperature © and suppose that
the dot is large enough to consider it as an additional reservoir where the
equilibrium distribution function for electrons is established.

Applying a bias voltage, current will start to flow. As we will show below,
depending on the properties of the leads the dot can be both heated or cooled
by current passing; this phenomena is called Peltier heating/cooling. The
idea is that the heat current I, from the left reservoir to the dot does not
cancel with contribution /[, \x originating from the heat flow from the center
to the right reservoir. To be more specific, we proceed with calculating

2 [ 1 1
[Q’MR - E /(E N 'M) {e(E—/H-eVM)/@ +1 N e(E—p+eVRr)/0© +1 _} TR(E)dE

2eVur , On 0Ty

= E— .
h /( ny’ OE 0E (5.:80)
and after expanding Ty (F) we obtain
27 Vim0 0Ty,

Tomr = 2eVMR / ¢ dg — Ml‘h OB |, (5.81)

where Vir = Viu— Vi < 0. We see, if 0T /OE # 0, the answer is proportional
to Vyr. Here, we have omitted the part proportional to V2, which gives the
contribution from the Joule heat.

Consider now the situation where in the left point contact is in the plateau
regime with 07, /OE = 0 and only quadratic in Vi, terms will gives a con-
tribution to I, py; if the current and Vi, small we neglect this quadratic
terms and I,y = 0. Let us calculate the “speed” of cooling of the dot
—0Q\ /0t = I, yr Where @y is a heat energy of the dot,

OQu 27T eVark29? 0T

ot 3  h  OF

note that 9Q,,/dt is linear in current I = (2¢?/h)V,xT(1) driven through
the dot.

Now let us assume that transparency at the left is unity 7} = 1 and the
right one is described by Ty (E) = 1/(e2™F=#/" 1), Noting that T'(u) = 1/2
and 0Ty /0F|g=, = 7/2h§) we obtain from (5.82)

0Qu TR
ot 3 ehl

>0 (5.82)

(5.83)
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E,

Az, t) = f(x)cos Qt

Figure 5.12: Photon-assisted tunneling.

The condition that the Peltier cooling should be stronger than Joule heating

dQw
IV, <
B < ‘ dt

(5.84)

should be satisfied in order that the dot is cooled in this setup; therefore, the
bias voltage obeys the condition

3 k292

|Va| < T il

(5.85)

5.15 Photon-assisted tunneling

We consider the situation of applying an alternating electric potential on a
1D Fermi gas. The electric field can be modeled by an time-dependent vector
potential along x of the form

Az, t) = f(x)sin Q. (5.86)

via E(t) = —0;A(z,t)/c. Suppose that f(z) is a smooth function such that
q = |0f/0x| < kp and the frequency (2 is smaller than inverted time of flight
through the region where the field A(x,t) is applied Q < quy, cf Fig. 5.12. In
this case, we can use the linear spectrum approximation for the interaction
between the electrons and the electric field and obtain

U, (z,t) = 62m‘(<b/<1>0)sin{Q[t—(gg—a:o)/vF}}Jrz‘k:;:—z’(hk2/2m)1t7 (5.87)

for the left-incoming Lippmann-Schwinger state, cf. Eq. (2.22), where ®¢ =
hefe, ® = [*° f(x)dz. Using the Jacobi-Anger identity

eizsinez Z Jn(z>ein9 (588)

n=—oo
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5.15 Photon-assisted tunneling

for the Bessel functions of the first kind J,,(2), we rewrite (5.87) as

U, (2, 1) = pika—i(hk? /2m)t Z J, <2W§)ein9[t—(x—xo)/vp}; (5.89)
0

n=—oo

note that due to the applied field A(x,t) (5.86) the plane wave which inci-
dent from the left is split into a coherent superposition of the plane waves
propagating in the same direction (no back-reflection) but with new energies
shifted by nh€ (with the amplitude J_,). In a ballistic wire without ap-
plied electric field, the net current from each state is the same in the present
approximation. Therefore no current flows without an additional scattering
potential.

Consider now how the left-incoming Lippmann-Schwinger state (5.89) will
behave when it impinges on a double-barrier potential. Suppose there is only
one well-defined resonance at F; which is above Fr, F; > F.. Applying a
small time-independent voltage bias eV < E; — 5, almost no current flows.
On the other hand, applying an alternating voltage

Va(t) = Vi, cos Qt, (5.90)

which is modeled by an alternating vector potential A(x,t) with

hQ) ¢

we chose the frequency €2 to be almost resonant, h{2 ~ E; — E.. The current

(5.91)

through the resonance is then provided by the component of wave function
<]1 (27_‘_@/@0)eik:Fm—iEFt/h—iQ[t—(l‘—$O)/”UF] (592)

proportional to J;(2r®/®(). All other components with n > 1 are reflected,

since the condition eV,, < E;—Ey at hQ) ~ E;— FEy implies that 27® /Py < 1,

see Eq (5.89), and therefore J,~;(27®/®Py) < 1. To observe “multi-photon”

processes with n > 1, we need to have 2r® /Py > 1, cf. Fig. 5.13; in order to

still obey the relation V,, < F; — Ey, we keep 279 /dg < (B — Ey)/hQ) =~ n.
The general formula for the current is given by

Ep
26 @ @ . ’
F= 22 [apf 3 g (r ) g an Yoot
h { A\ g, 5,/¢
0 n,n

X t*(E — n'hQ)t(E — nhQ)) — T(E)} (5.93)
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A Ey

Figure 5.13: Multi-photon case. The number of photons with energy hS is

where we can discuss the one and many photons cases in more details; here
the second term proportional T'(F) originates from the electrons incoming
from the right which are scattered at their original energies. The first term,
originates from electrons incoming from the left which are promoted to new
energies separated by nhf) by the alternating voltage applied. Without time-
dependent voltage, the two contributions cancel and no current flows.

Consider the situation of a double barrier with sharp resonances. We
want to calculate the component of the current which constant in time (dc-
component, averaged over time),

n=—oo

Ep
2¢ .,
1=—= dE{ S (zwao>T(E —nhQ) — T(E)}. (5.94)
0
The transparency 7'(E) in this case is given by

(5.95)

T E = o Tmu

( ) mz::l(E_Em)Q‘{’F%n
where sum runs over all resonances and 7, is the transmission probability at
the mth resonance with 7,, < 1. The first resonance m = 1 gives the largest

contribution to the current and we estimate

2e P
1=-20 <2W30>WF1T1. (5.96)

for the one-photon case.
In multi-photon case (the number of photons is mg = |(E — Eg)/h)] +1)
the current is given by

2e P
[=-2% (27ra>7rF1T1, (5.97)



5.16 Oscillating bottom in the dot

(a) (b)

Ey E3

L i
h(y 2h82 th Es
Es — E5 = hQ2

Figure 5.14: Special situations for the photon-assisted tunneling.

where, we assumed that J? at n = F;/hS) is already negligible. The above
appearance of the constant current as a response to the alternating field
corresponds to so-called “photovoltaic” effect [7]. Note that this sign of the
induced current will be the opposite if we apply field from the right. Further
possible cases (see e.g. Fig. 5.14(a,b)) can be analyzed in the similar way.

5.16 Oscillating bottom in the dot

Another situation with a time-dependent driving is when we modulate the
bottom of a dot with a time dependent voltage (scalar potential), cf Fig. 5.15.
To calculate the transmission amplitude, we use the same trick as in the
Fabry-Perot interferometer. The new element is that during the presence of
the electron in the dot, from ¢;, until time ¢,,, the electron accumulate an

extra phase
tout

Ot fou) = € / U(t)dt/h. (5.98)
tin
For a plane wave with wave vector k£ incoming from the left, the transmitted
part is given by

\IIL _ eik(:p—vpt) tto {e—i¢(t—x/vF—L/vF,t—m/vF)

+ TlT2€2ikL—i¢(t—1‘/UF—3L/UF,t—:l‘/’UF) + L. }

_ 6ik(x—vpt) 1t Z(r17,,2)n62nikzL—i¢(t—x/vF—(2n+1)L/UF»t—x/UF) . (599)

n=0

In the case when the spacing between the resonances is large, we can sub-
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EF + 6V/2 _____ El

Uo | ----E.—eV/2

U(t) = Uy coswt
Figure 5.15: Oscillating bottom in the dot.

stitute the sum by an integral over n

\IIL _ eikxfikvpt tyts / dn (T1T2)ne2nikL7i¢>(tfx/vF7(2n+1)L/vF,tf:v/vF). (5100)
0
For sharp resonances with |73 5] < 1, we can expand the product

. r . r_
(7"17"2)n _ 62mx +nlog|rira| _ e2mx n(T1+T2)/2’

with X" = (x] + x%)/2 and x|, = argry as before. Inserting this relation into
(5.100), we obtain

U, = etho—ikvrt tltg/dn ¢2nORL=n(TiT2) [2-ig(t—z /v~ (2 1)L v b= /ve).
0
(5.101)
where 0k = k — k,,, k,,, is the position of the m-th resonance with 2k,,L +
2x" = 2mm. Using the relation n(T} + 15)/2 = 2anl,, /A, [we use the
expression for resonance width I',, = (A,,/27)(T1 + 13)/2] and performing
the substitution s = 2nL/vp in the integral yields

\IJL _ eik:z,‘fikvpt tltg%/ds eiaka37FS/h7’L’¢(t7$/UF7L/UF7S,t7I/UF)’ (5102)
0

note that if U(t) is slow, we can omit L/vp in this formula.
For the situation when the band-bottom is harmonically modulated,

U = Uy cos Qt (5.103)
we can expand the exponent into Bessel functions as before,
e—iqs(t—m/vF—L/vp—s,t—m/vF) _ e—i(er/hQ)[sinQ(t—m/vp)—sinQ(t—z/vp—s)} (5104)
€U0 €U0 —AZ,Q _ U (t— —
— J (—)Jz(—) W' Qt—z/vp)+ilQ(t—z /v s)'
%,: ANTIVAANTIUA
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Performing the integration over s in (5.102) gives

ikz—ikv An o elo elo —1 —i(1-1)Q(t—z/v
U =et kﬁ““§;77*<h9>”<h9>u%m=4vh—une R,
’ (5.105)
This result is quite similar to the case of photon-assisted tunneling, but now
both left and right going states have transformed transmission amplitudes
and there is no net current flow without bias, i.e., for pu, = uy. Additionally,

there are new phase factor in (5.104),

e—z’(er/m) SinQ(t—l/”F)’ (5106)

as compared to the previous section. The formula (5.105) can be interpreted
as if the electron first gets some energy quantum nhf2, then tunnels through
the double barrier with this additional energy, and afterwards obtaining (or
loosing) an extra amount of the energy. Therefore, we do not know from the
energy of the outgoing wave at which energy it was tunneling.
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Chapter 6

Scattering matrix approach:
the second-quantized formalism

6.1 Second-quantized formalism

In this chapter, we rederive Landauer’s formula for mesoscopic conductors in
the second-quantized formalism. The second quantized formalism replaces
the state of one electron with the wave function ¢y () by a creation operator
éL acting on the vacuum |0). Its use is in the lies in the fact that for many-
body states the symmetrization is already built in. As an example consider
the many-body state of N electrons described by a Slater determinant

1 pi(z1) - enlan)
pi1(zn) o pnlzy)
in the first-quantized description. In the second-quantized formalism, this
state is replaced by product of the corresponding creation operators

el o) (6.2)

on the vacuum state |0). The anti-symmetry of the Slater-determinant is
mapped on the fact that the creation operators é,t anti-commute with each
other.
In the second quantized formalism, we define current density operator as
J = ity - v (6.3)
2m
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6.1 Second-quantized formalism

with the help of the field operators

N

. dk .

U(z,ry) :/ﬁzcn,k Pni(T, L), (6.4)
n=1

where r; is a vector in the cross-section. One particle wave functions ¢,
represents itself the orthonormal set

/ 0 dr s G o () () = 26 6(K — ), (6.5)
and satisfy Schrodinger equation

I:ISDn,k = En<k)90n,ka (66)

which also gives the dispersion E, (k). The normalization condition for an-

nihilation ¢, ; and creation éjl ,, operators then

{éjz’,k’én,k} = éjﬂ,k’én,k + én,kéjz’,k’ = 2M0prn 5(k/ - k’) (6-7)

The total current operator can be found by integrating the current density
J over cross-section

f:/dI'Lj<J],I‘L). (68)

The field operators U are defined through creation and annihilation operators
for the Lippmann-Schwinger scattering states (see formulas (3.6) and (3.7))
which form a complete orthonormal set of eigenstates of the Hamiltonian H.
Note that normalization in the formulas (6.5) and (6.7) should be consistent
one with the other. One can redefine the normalization for the wave func-
tions, e.g., to have d-function in energy in the right hand side of formula (6.5),
if one also redefines Eq. (6.7) to have the same J-function on the right hand
side.

We want to provide an explanation while the Lippmann-Schwinger scat-
tering states are a complete orthonormal set of states in order to use them
in the second-quantized formalism'. In order to prove that the Lippmann-
Schwinger states are orthonormal, we can start by turning off the interac-

tion potential where the solution to the Schrodinger equation is given by

Note that Ya. Blanter and M. Biittiker in the review [1] use another set of states
which are not orthonormal.
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Scattering matrix approach: the second-quantized formalism

plain wave incoming from the left and from the right which form a com-
plete orthonormal set. We then adiabatically switch on the scattering po-
tential and the plain waves convert into the Lippmann-Schwinger states.
Given this time-dependent Hamiltonian 7(¢) (no-interaction for ¢ = 0 and
then adiabatically turning on the interaction potential), the evolution ma-
trix S(t) is still unitary. Starting with a orthonormal set of states |a(0))
with (a/(0)|a(0)) = daa (e.g., plain waves), we will end up with a ba-
sis set which obeys the same orthonormality condition |a(t)) = S(t)]e(0)),
(@ (B)at) = (' (0)[ST(£)S()]a(0)) = daa

For pure state |«) the average current is given by
I = (a|l|a). (6.9)

If a state described by density matrix p (an incoherent superposition of pure
states), the expectation value of the current is given by the average

1="alplB)(Bl1la) = {51}, (6.10)
a7ﬁ
where the current operator is multiplied with the density matrix and a trace
is performed. For a system with Hamiltonian H at finite temperature ¥ and
with chemical potential pu, the density matrix is given by

/3 _ ef(flpr)/kBﬁ; (611)

experimentally average of the time?.

It was suggested by Landauer that reservoirs are completely independent
and that therefore the density matrices give independent contribution to the
current. The total density matrix of the system can be written as the product
of the density matrices describing left and right going electrons (in a two lead
geometry). For a multilead geometry, each reservoir (which we label below
by the Greek indices a and (3) injects electrons into the corresponding lead
independent on each other. The overall density matrix is then a product
of all the individual density matrices. For a two lead device with reservoirs
described by the density matrices,

pL=e" >a éLaéL,a(E(x*ML)/kBﬂLj frn =€ 2a 5§,a@R,a(5a*“R)/kB§R_ (6.12)

2The believe that this average will coincide with the average over the time is the matter
of ergodicity hypothesis. Note that only average over the time is experimentally accessible.
So we calculate one value, measure another and ergodicity hypothesis promise us that the
results do coincide. Yet it is still a hypothesis without rigorous proof.
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6.1 Second-quantized formalism

the total density matrix has the form

p = e Taldatiaa—mn) =tk atp olca—mm)}/hnd (6.13)
Given the density matrix and knowing the form of the field operators ¥ (the
basis in which the density matrix is given), it is easy obtain all the averages
using <éi}a/éL7a> = dwala,. and (é;a/ém@ = dwaNar’. The Fermi-Dirac
distribution function n,; and n,x represent occupation numbers in left and
right reservoir

1 1

MR = e ) Rad 11 (6.14)

Mo = e ) ket 1 1
assuming the situation when temperatures of the left and of the right elec-
trons are equal ¥, = Uy = ¥; otherwise, ¥, ,r has to be inserted in n,,,x
respectively.

Using this form of the density matrix, we will end up with the expression
for the current

==Y [aB s - nolE) i), (015

a gl

depending on the difference in the occupation function.

In 80th a lot of effort was devoted to justify the Landauer approach with
the help of Kubo formula. We will show that the Landauer approach can be
justified with the “poor man Keldysh technique” [2]. The Keldysh Green’s
function

iG (r,r') = Te{pUT (') T(r)} = (TF(x)T(r)) (6.16)

is an analog of the distribution function f(q,p,t) in the classical kinetic
equation. When we are solving the classical kinetic equation (Boltzmann)
the boundary condition are that far away the distribution function should
coincide with the equilibrium distribution function. The Keldysh Green’s
function has to satisfy similar boundary conditions at infinity, i.e., in the
reservoirs

G (r, )| =G (r, 1), (6.17)

r,r'€L(R)
where r,r’ € L(R) denote both r and r’ somewhere far in the left or right
reservoirs, but never one of the in the left and the other in the right reservoir.

3By 0/« we denote the Kronecker symbol when « is a discrete parameter and 278 (a/ —
a) when « is continuous. Here () is a usual Dirac d-function.
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Scattering matrix approach: the second-quantized formalism

The current can be express via Keldysh Green’s function in the following
way (note that we already used the average over Uf(r)¥(r’) for calculating
current):

~ eh | 0 0 i
_eh (0 O] 1
/ 2m [51” 81} G r,r) (6.18)

r=r’

Suppose now that we have quasi-1D quantum point contact, with the few
open channels. Then far in the reservoir most of the electrons originate from
the same reservoir and only few amount from some other reservoir. So, as
soon as we have the small ratio of the number of open channels in quantum
point contact to the number of open channels in the reservoir

5f ~ Nuire (6.19)

N, reservoir

Landauer’s approach is justified, and the distribution function is almost equi-
librium at the given p,.

6.2 Heisenberg representations of the opera-
tors

Usually in the Schrodinger representation of the operators of physical quan-
tities L does not depend on time. The average value of the operator L in the
state |«a(t)) is

(L(t)) = (a(t)|L](t)) (6.20)

(here and below we omit the r-dependence). Its time-dependence sit in the
state |a(t)). The evolution of the state is described by

jalt)) = 5'(t)]). (6.21)
Here |a) = |a(0)) and the evolution operator is

S(t) = e Bit/h (6.22)

where Fj is a spectrum of the Hamiltonian of the system H. We can rewrite
the formula (6.20) as

(L(t)) = (a|S(t)LST(t)]a). (6.23)
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6.3 Interaction representation

We can see to this relation as to the new operator

A

L) = S LS (1) (6.24)

depending on time averaged over the initial state |«). This notation is called
Heisenberg representation of the operator.
Note that Heisenberg representation is valid for positive and negative t.

6.3 Interaction representation

Let us consider system with Hamiltonian
H = Hy + Hiy. (6.25)

We assume Hy to be noninteracting part and that we know everything about
the system with this Hamiltonian. The time-dependent wave function

la(t)) = ei[ﬁoJerdt/h’@ (6.26)

should satisfy time-dependent Schrodinger equation

L0 -
ihscla(t)) = [Ho + Hudla(t)). (6.27)

The interacting I:Imt(t) part we will consider as a perturbation. We will use
the Heisenberg representation for the interaction part Hiy (t) = eo!/" [ e~*Hot/h
The Eq. (6.26) can be rewritten as

la(t)) = e Hot/13|q) (6.28)
Here the S-matrix according for the evolution due to interacting part is given
by the time-ordered exponent
t

§ = Te (/M Jy drfhin() = Y™ ( - %) / dry Hini (1)
n=0

0

T1 Tn—1
X / drs Hing(72) . .. / A7y Hin(10). (6.29)
0 0

with ordered time 0 < 7,, < ... < 7y < t. The inverse chronological exponent
T and defined by the same relation but with 0 > 7, > ... > 7, > t. Note
that
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Let us proof the relation (6.28); we should check does such a state |a(t))
satisfy (6.27). Lets do that
zh%\a(t)} — [:[0|Oé(t>> + efiHOt/heiHOt/hefiHOt/h Tef(i/h) fot dTHint(T)|a> —
= [Hy + Hi|a(t)). (6.30)
The density matrix in interaction representation is defined in a similar
way
,6(75) _ e—iﬁgt/hgﬁosffeilflot/h _
— o iHot/hp,—(i/h) [g dTﬂim(T)ﬁOTe(i/h) Jo drHin(7) yiHot/h (6.31)

where py = p(0).
The average of current operator is’

I(t) = (I(t)) = Te{p() ]} =
— Tr{Te—(i/h) Jo drHing(7) po Teli/M Jo d’rﬁint(T)eigot/hje_iﬁot/h}' (6.32)

We can rewrite this expression, using current operator in Heisenberg repre-
sentation

I(t) = Tr{ﬁo Teli/h) fo drHine (T)j(t) Te— (/P [y drHine (1) } (6.33)

6.4 Change of the current due to electron-

electron interaction

In this chapter, we want to calculate the current through a symmetric quan-
tum dot where electrons interacts if they are inside the confined area. The
dot we model with the symmetric double of the length L barrier with trans-
mission and reflection amplitudes ¢ and r with rectangular interaction in
between (each barrier has transmission and reflection amplitudes ¢; and ry).
The interaction Hamiltonian is

N 1 T ra ~ ~ ~ ~
o= 53 / du / Ao U (2, )0 (o U (0, ') (o ), (2,1) (6.34)

4Here and in the next formula we use the property of cyclic shift of operators in trace
does not change its value, Tr{ ABC'} = Tr{ BCA}.
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6.4 Change of the current due to electron-electron interaction

with the interaction potential
U(z,2") = Uo©(L/2 — |z])O(L/2 — [2']); (6.35)

which is nonzero on the square of dimension L x L,” and o the spin index,
o =T,]. The field operators in the interaction representation include the
trivial time-dependence

Uo(,t) =Y CoopPar(w)e /7 (6.36)
a,k

here, a distinguished between the left and right scattering states, a = L, R).
In according with (6.33) the current is defined by the trace

I =Tr{poSHIS}. (6.37)

We are interested in the correction to the current 0/ due to the interaction
(6.34) in first order perturbation theory. Expanding the exponent in S ,
Eq. (6.37) yields
‘ t
SI(t) = %[1 / dr Hmt(f)]; SI(t) = Tr{pol(t)} (6.38)

— 00

where t is the time where the current is measured. In order to be in the

stationary regime, we let t — oo and first perform the integration over time
in (6.34)

o0
dT ~ K At R “
— Hine(7) =T > Uakgg0k.59 CootoChor g ConriCoog® (Brr + By — Bi — Ey),
h/ !/
0o oo
k4 k.q
a7B’976

with the interaction matrix elements

L2 L2
Uak.pq o690 = Uo / dx / A"l (1) s (27 i () 05, (7). (6.39)
L2 —L)2

Let us estimate U using the fact that wave function between two barriers
near the resonance is coincides with the wave function in the box. For the

®We use the Heaviside step function ©(z); O(x < 0) =0, O(z > 0) = 1.
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Scattering matrix approach: the second-quantized formalism

first resonance, we obtain °
M () a0 2 s ™E
P jnp(T) = , cos . (6.40)
for both the left and the right scattering state. As the current has only an
appreciable contribution close to the resonances, we can substitute (6.40)
into U assuming that only the first resonance contributes to the transport.

We obtain )

L
T ittt (6.41)

Inserting U into the expression for the time integrated Hamiltonian and

Uak,8q 08,69 = Uo—5

replacing the summation by an integration yields

T dr k! dq dkqu P
FL Hmt( 7TU'O Z / Clak/cga q’CGU’kC(SJq

595

X tZ/t;/tktq(5<Ek/ + Eq/ — Ek — Eq) (642)
In a next step, we express current operator I in terms of Lippmann-Schwinger
scattering states. We substitute to the formula (6.3) the correspondent field

operators (6.4)" and choose the position far at the right of the barrier. The
asymptotic form is given by

U(z) = Z [CLonte€™ + Cron(rpe™™ + e ™). (6.43)
k
For simplicity assume symmetric barrier and zero magnetic field. We ex-
change the summation to an integration and obtain expression for current
operator

dk'dk L
I= Z/ { LUk’CLo'k(k + k)t /tklez(k_k )@

A ~ _ : . Y . .
+ & o [k/t;@ W (g etk g7k s o=k (p, R e ”“”)}
A A ik mw : Y - )
oo [k'(r;;/e W e e k(rp e R 4 e x)tkem“]
A A ik o . .
+ CJl;crk’ Coon |:k5/(’l“;;/€ ik'e ezk x(rkezkx te zka:)

n k(rzleiiklx + eik/x>(rk€ik;p o e*’ikz):| } (644)

6 3 . .\ . L (2) 20ty .. 2T
The wave function near e.g. second resonance is ¢,"/ R (@) ~ F=E sin =FE.

"We already performed the integration over r .
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6.4 Change of the current due to electron-electron interaction

Averaging of the current operator over the non-interacting density matrix
gives the Landauer formula: the contribution from off-diagonal terms in L /R
space vanishes. Furthermore, using the fact that (éiw, k,éﬁgk) = N (k)0as000Ok/k
[where for continuos k, 0y = 2m0(k' — k)] yields

ehoo

1= = [ (0T~ (W)L~ ]}
& gﬂﬂhd@—%%% (6.45)

after the substitution £ = v/2mFE/h, Landauer’s formula is obtained.

needs to be corrected from here on

The contributions to §7 is from current off-diagonal terms in L/R space.
Let us define space part of current operator as F(p', p) = (ik'e®®—ik'ri e *)t, etk —
(6ik/m—|—?”,:/e_ik/x)iktkeikw and G(p',p) — <€_ikx+7“k€ikx)—<€ik/x+?"zxe_ik/m)(—ike_ikm—{—
ikr,e**). We calculate one of these terms as example, cioe term in Eq. (6.42)
with «, 3,60,6 = L, R, L, L. The average value of the operators is

<élo'k’c;a q Lo"kCLUqCIU”p’CRa p> <CIU’/p’CRU”péiak/CI{U 'q’ Lo/kCLoq> =
= (g Cronp) oo Cronliogthony) + CopnyChorg) (EomChopliiog) =
= ooy | (Choe o) Crglanyr) = (Bl i) Cuonlany) | +
+ <6RU”péTRa’q’> [ - <CIJ[U”p’CLU’k;>< Iak’CLJq> + <CJIEU”p’CLUq> <éiak’éLa’k>:| =
= —an(Sg/gH(sq/p [1 — nLkéog/(Sk/k(l — nLq)égUu(qu/—
— Maaodig(1 = i) By | +
+ (1 — ’I”LRp)(SJ//U/(;pq/ [ — nLk(SJ//U/(Sp/knLq(SUJ(Sk/q—F
—|—nLq(Sgugép/ank(SM/ék/k] (646)
Making summation over spin indices and taking into account that

Z (500150/0//(50//0 =2 and Z (50050/0//(50//0/ =1

o0 " o0 "

we rewrite (6.46) as

— anéq’p [QHLk(Sk/k(l — nLq)(qu/ — 4nLq6k’q(1 — nLk‘)dkp’} +
+ (1 - an)(qu/ [ — 45p’k5k’q + 26p’q5k’k] NpkNyg- (647)
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For continuous variables k and &’ delta function Oy = 276(K — k). Mak-
ing integration over primes variables and taking into account d-function of
energies 0(k” + ¢% — k* — ¢*) and F(p',p) we have

(2%)3{ —np [ 206 (1=104)6 (0" —¢7) F (¢, p) —4nug(1 =10k ) 6 (0> — k) F (k, p) ] +

+ (1= ngy) [ — 40(p* — K2)F(k, p) + 26(p* — ¢*) F(q, p)}nLknLq}. (6.48)

Integration over p gives

F(q, F(k,k
(27r)3{ — 2Nk (1 — nyg) (9,9) + dnggngg (1 — nLk)M—
2q 2k
F(k,k F(q,
—4(1— an)nLknLq% + 2(1 — Ngg)Niknug (QQQQ) } (6.49)
For equal arguments F(q,q) = —2iqt;r, and G(q,q) = —2iqt,r; and we

obtain

— itgr, (27T)3{ — 2npgnuk(1 — nug) + 4nggnig(l — ng)—

= —itir (27)*2n1k[nrg — nug).  (6.50)

The other terms are similar to this, summing up over all values of «, 3,0, ¢
we obtain the expression for all terms. Using the unitarity of the scattering

matrix, i.e. tyr, = —t,r; we obtain the expression for correction to the
current
TUyAL2 [ ieh\2m [ dkdg .
6] = TT_E ( — %) ﬁ/ (27‘(‘)3 TkTq(—thTq) 8<nLk + an)(nLq — an).
0
(6.51)
Simplifying it we obtain final result
2% 87U, L2 [ dkdg .
or = h T2 / (2m)? BTy tgry (o + 1) (g — ing)- (6.52)

The integration can be easily made, but we do not do that.
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6.5 Time-dependent interaction

6.5 Time-dependent interaction

Let us define the density matrix p of the system with the time-dependent
Hamiltonian
H(t) = Ho(t) + Hine(t) (6.53)
by the usual equation
Zha_f = [Hinta /)] = Hintp - pHint (654)

with the boundary condition
po = p(—o0) = e[FO—HO(—OO)VkBﬂ’ (6.55)

here Fj is the initial free energy. The noninteracting term represents the
energy of electrons in the external field with scalar V' =V (t) and A = A(t)
vector potential

Ho(t) = / dr ¥ (1) [E( — iV + %A) . eV} b, (1), (6.56)

where F(k) is a dispersion relation of the electrons. The field operators U} ()
and W, (t) are defined in the following manner: let ¢k (¢) be the complete
system of functions determined by the equation

{E( — iV + %A) B ih%} o =0 (6.57)

and boundary condition
Qi (t) — e TIEUR ag oo, (6.58)

where we consider the external field the be switched off [V — 0 and A — 0]
at t — —oco. Than the field operators ¥, and ¥ are defined by the relations

() =) apnt) (6.59)

and
() = 3 dil) (6.60

where ¢, éL are usual Fermi annihilation and creation operators with com-
mutation realtion

S oa T ala A A

[Ches Cir] = GG + GGy = Ot (6.61)
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Scattering matrix approach: the second-quantized formalism

Utilizing the fact that the functions ¢y (¢) form at arbitrary instant of time a
complete orthogonal system and formulas (6.59), (6.60), and (6.61), it can
be easily show that for coincident times we have

~ ~

(B (1), B ()] = 3(x — ). (6.62)

A

and in virtue of this operators W, (t) satisfy the free equation of motion

n% [ o} = W, o — FlpW,. (6.63)
i.e., we have from the outset defined the field operators in the interaction
representation.

We note that the operator Hy (t) differs from the Schrédinger representa-
tion and in the interaction representation in contrast to the usual case, when
the external fields are independent of the time. Having in mind such a defini-
tion of the field operators we have from the outset written Eq. (6.54). In the
interaction representation we leaving it only the operator for the interaction
energy H,,, which, for the sake of definiteness, we shall in future write in the
form

Hui =g / dr Wl (6) W, (8)p(t). (6.64)
where ¢ is a dimensionless coupling constant. Such expression describes
interaction between electrons and phonons in solids, and also can be utilized
to describe Coulomb interaction of charged particles if we write a separate
equation for the Coulomb field.

Eq. (6.54) for the density matrix p(¢) can be formally solved by introduc-
ing S-matrix

S(t) = S(t, —00) = T e~ /M o Hine(r) d7 (6.65)
which satisfies the relation
Ay ) )
zh%p = Hine(t)S(2). (6.66)

Note that (6.65) is a formal solution of the differential equation (6.66). The
symbol T in (6.65) denoted a time-ordered product defined in the usual
manner. Than we have

p(1) = S(0p(0ST (1) = S()HS(2). (6.67)
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The density matrix defined in this manner depends explicitly on the time.
The average value of an arbitrary operator Ly(t) at time ¢t has the form

(Lo(1)) = Te{p(t)Lo(t)}, (6.68)

where the subscript 0 in the operator ﬁg(t) shows that the operator is taken
in interaction representation, i.e. its time dependence is determined by the
free equation of motion in the external field

LOLo(t) . -
ZFLT = {Lo, Ho(t)}, (669)

since the density matrix p(t) itself was defined in the interaction representa-
tion.
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Chapter 7

Noise review

7.1 Introduction

This chapter will provide a general overview about noise. First, we will
discuss different types of classical noise together with general feature of noise.
Then, we will apply a quantum approach to calculate noise. Probably, the
first study about noise was done by Robert Brown in the context of Brownian
motion [1] which was later explained by Albert Einstein as being due to
random thermal motion of the fluid particles [2]. A different source of noise
was put forward a bit later by Schottky. He concentrated his attention on the
fact that the charge being transported by an electric current is not continuous
but that electrons which constitute the current carry portion of charge. In
this situation (shot-) noise appears which is due to the discrete nature of
the electron charge [3]. An experiment performed by Johnson confirmed
Schottky’s idea [4] and thereby discovered flicker noise (also called 1/ f noise,
because its intensity grows like 1/f at small frequencies f). He observed
flicker noise while trying to detect shot noise which is expected to be more
or less constant as a function of frequency f; and he found an additional
contribution to spectral density

S(w) o 1/w (7.1)

(here w = 27 f) which was “flickering” in time. Apart from shot noise and
1/f noise, Johnson measured also equilibrium noise (the so-called Nyquist-
Johnson noise) [5, 6].

Some general remarks about noise: in classical mechanics, we can describe
the motion of each individual particle to any accuracy. In quantum mechanics
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7.1 Introduction

this is in principle not possible (at least in the standard theory) and all we
can hope is a statistical description is the world. However, even classical
systems which are huge the motion of particles cannot be described it in all
details. Thus, we study averages of quantities like (I(¢)) which describes
collective motion but not the properties of individual electrons. In order to
obtain more detailed knowledge of the individual behavior, we can extend
our study to include fluctuations (§7%) and correlation functions like that
(01(t1)d1(t2)), where dI(t) is a defined by

SI(t) = I(t) — (I(1)). (7.2)

Theoretically, the average (I(t)) is taken over the ensembles, experimentally
over the time. The deviation §I(t) shows dynamics of system, which is not
visible in (I(¢)) which depends on time only in a case of collective motion of
all the particle, e.g., in the presence of time-dependent potential.

The quantity describing noise is the second-order correlator (§1(t1)d1(t2)).
When the process is stationary, this correlator depends only on time differ-
ence t = to — t; and the spectral density is defined as the Fourier transfor-
mation of the correlator

ﬂ@:/ﬁ&%ﬂ@m@y (7.3)

The correlator (61(t1)01(t2)) is called an irreducible correlator (denoted by
double brackets),

(1)) = (011015) = (I115) — (1) (I3); (7.4)

the lower index indicates the time at which the correlator has to be evalu-
ated. Of course, it is also possible to study higher order correlators. In the
following, we write down the decomposition of the higher order irreducible
correlators into correlators and irreducible correlator of lower order. The
third order irreducible correlator is given by

(Ii1a213)) = (IiIad3) — (1) ((L213)) — (L2)((L113)) — (I3)({[1]2)) — (11){L2)(I3);

and the fourth-order irreducible correlator is

(I1121314)) = (L1 I31a) — (1) (L2)(I3){11)—
(L) ((Tal314)) — (Lo) (I I314)) — (L3){(L1121s)) — (La){{L11a13))—
((In12)) ((I314)) — ((I113))((L21a)) — ((L11a))((I213)). (7.5)

108



Noise review

These expressions for the correlators depend on the fact that the classical cor-
relation functions are symmetric under interchange of their arguments. This
is not the case for quantum mechanical correlators. The proper definition of
quantum mechanical correlators, we will discuss later.

7.2 Shot noise[3]

Lets us first comment on shot noise; here, we follow the original work of
Schottky. He discussed the charge transport of a vacuum tube and suggested
that the process of emitting of electrons from the first electrode is the Pois-
sonian, i.e., each electron has a probability to be emitted per unit time and
this probability does not depend on what is happening to the other electrons
— whether they emitted or not, see Figure 7.1. For a Poissonian process,

(e—
(e—

Figure 7.1: A vacuum tube. Biasing the capacitor place with a large voltage,
electron are knocked out of the emitter plate, transverse the vacuum tube and
are reabsorbed by the second plate. Due to the discreteness of the electron,
the current cannot flow continuous and the current shows shot noise.

it is known that the variance is equal to the average,
(ON?) = (N), (7.6)

where N is a number of emitted electrons; even more all the higher order
irreducible correlators are equal to the average,

(NF)) = (N), (7.7)

here k is integer and k£ > 0. Correspondingly, the noise of the transmitted
charge (Q = —eN) is given by

(@) = eX(N) = e(Q) = e(I)t, (7.8)

109



7.2 Shot noise

where —e is the electron charge, (I) > 0 is the average current, and t is
the time of the observation. We want to relate this result to the spectral
density S(w) introduced above. Note that the transmitted charge @ is just
the time-integrate current

Q- / I(r)dr, (7.9)

such that we can evaluate

(O :/dtl/dtg((l(tl)](tg)» :/dtl/dtg«l(o)](tQ—t1)>). (7.10)

0 0

in terms of the current. Next, we introduce the spectral density, cf. (7.3),

S(w) = / dt e ((1(0)1(1))). (7.11)

Substituting the Fourier transformed formula into (7.9) yields

(@) = / dt, / ity [ 52 5 )
0 0

t ¢
d )
- /  S(w) / dt / dty e~ (t2=t), (7.12)
2m
0 0
Performing the integration over time, we arrive at the final result,
dw sin? wt /2
M= —=Sw)—r5- 7.13
(@ = [ 5251 Ttk (713)

Remark. Now let us make a few notes about noise spectral density. For zero frequency

w =0 formula (7.11) gives
+o0

5(0) = / (T(O)I(1))) dt.

— 00

S(0) w =0 is determined not just by long times.

Remark. S(w). If I(t1) and I(t2) commutes I(t1)I(t2) = I(t2)I(t1) and time invariant
({(I(ts + 7)I(tz + 7)) = (L(E1)(t2))) we can write (([(0)I(=[t]))) = ({(I(=[¢))1(0))) =
({I(0)I(]¢]))) and perform the integration over the half space

—+o0

5(0) =2 / (T(O)1(1))) dt.

0
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Remark. To replace

+ood +ood
w w
—o00 0

is wrong in general, since if w > kgT (or w > eV) the spectral density is not symmetric

S(—w) # S(w).
Remark. S(w) is real in quantum and classical cases. In quantum (time-invariant case),
§*(w) = ( / <I(O)I(t))e“‘”’dt) _ / (I(B)T(0))e=""dt —
/ (I(0)I(—t))e~™'dt = / (I(0)I(T))e~“Tdr

so, we have

If S(w) does not diverge at w < 1/t we can use the representation of the

d-function in form [7]
. sin®wt
lim
t—o0 u_)2t

= mé(w)

and obtain from (7.13)

Q%) Zt/dw §(w)S(w) = t5(0). (7.14)
This formula is valid for t > 7o, Where 7o, is so-called correlation time.

Remark. Alternative to (7.12) and (7.13) we can write

+o00

t t t
/ dt, / dty (T(0)I(t2 — 11))) = / dr / dT((1(0)I(r))) = £ S(0).
0 0 0 0
where we have substituted T = (¢; + t2)/2 and 7 = t3 — ;.
Comparing (7.14) and (7.8), we finally obtain Schottky’s formula
S(0) = e(I), (7.15)

which is valid for all values of (I). The remarkable feature of this formula is
that the charge quantum e appears in it. The vacuum tube experiment was
used to measure charge of electron e. The accuracy was not very good (e.g.
one of the reason was the flicker noise). Still it is some method which gives
the charge of the electron with accuracy of about 10%. Recently, people used
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7.3 Shot noise in a long wire

this effect to demonstrate fractional charge in the fractional quantum Hall
effect at v =1/3 [8, 9]
S(0) = e*(I), (7.16)

double-charge of a Cooper pair in normall metall-superconductor system [ref]
S(0) = 2e(I). (7.17)

For certain systems, the statistics is not Poissonian; for example, in a quasi
one-dimensional quantum point contact the noise is given by [10]

S(0) = e(I)(1 - T), (7.18)

where T' is the transmission probability. Let us give a hint, why the result
is different: in a quantum mechanical system the reason for the fluctuations
is different. For the vacuum tube the reason for fluctuations of emitted
electrons is more or less classical. We can think that the occupation numbers
of the electrons much less then unity, n < 1. And then just due to small
fluctuations in occupation numbers you may have electrons in the electrode
to emit or may have not; and this is the origin of current fluctuations. Now
in quantum case it is more involved. Fermi statistics becomes important
and the reason for the fluctuations is the probabilistic nature of quantum
mechanics: whether an electron which is send to the obstacle is transmitted
or not cannot be known and the outcome is purely random.

Remark. The “trick” ((Q?)) = ¢ S(0) works also for ((Q™)) =t ((I}})), see later in Chap-
ter 10 for full counting statistics.

7.3 Shot noise damping in a long wire

Later on, we will show more rigorously that Schottky answer (7.15) is valid
for the noise in a tunnel junction with 7" < 1. Here, we model for long
wire which is compose of two tunnel junctions with small transparencies 77,
T, < 1. Then if we have just one tunneling junction noise will be still

(612),, = S(w) = e(I). (7.19)

Now the question appear if in a conductor we have two tunneling junctions
in series. First, we consider the situation where the region 2 in Figure 7.2
in between the tunneling junctions is large enough such that electrons are
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@ ® ®

Vi Vs Vs

Figure 7.2: Tunneling elements (two junctions) with conductivities Gz, Gas
and capacitances (o, (3. The voltage drop across left junction is 0V, =
Vo= Vi, 0Vaz = V3 — V5.

already thermalized.! Then because of a finite capacitance and the fluctua-
tions of the charge, a time-dependent voltage 0V builds up across the region
2: at zero frequency total noise is S(w)/2 for the identical junctions. We
discuss this case to explain that in a long macroscopic wire shot noise will
be damped. And roughly speaking the “strength” of damping will be some
correlation length divided by the total length of the wire Lo, /L; or, if we
consider wire with N tunnel junctions this “strength” will be 1/N. So, zero
frequency noise of such a system consisting N tunneling junctions will be

S(0) = %eu). (7.20)
Next, let us write equations for the two tunneling junctions. We will do it in
the framework of so-called quasi-stationary fluctuations and Langevin forces.
In this approach first we write equation motion for the quantity we study.
Second we say that it is not all and we shall add to it some random forces
(Langevin forces), which are for example not included in kinetic (master)
equation.

Fluctuations of the current in the contact between regions 1 and 2 (contact

12) is given by
0l = 0V12Gia + 0712, (7.21)

where (G15 is a conductance of mentioned junction and 0415 is a random in-
trinsic shot noise appearing in it. The first term represents quasiclassical
equation, the second one — Langevin force. We also can use the same equa-
tion for the contact between regions 2 and 3 (contact 23)

(5]23 = 5‘/23G23 + (Sjgg. (722)

'We considered such a model for describing the Peltier effect.
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7.3 Shot noise in a long wire

Then let us suppose that region 2 contains charge ) and we obtain for contact
12 and 23
0Q

—0Vig = 7.23
2= 5 (7.23)

and 50
OVoy = — 24

where (5 and Cy3 are a capacities of the 12 and 23 junctions respectively.
Here we suppose that voltages at the left and at the right are equal, V; = V3
and only V5 fluctuates. Then we can use the fact that 77, < 1 and write
quasistationary differential equation for the charge on the island @,

d
—0Q) = 0119 — 013. (7.25)
dt
Now we switch to the Fourier transformed values. Equation (7.25) transforms
to
— iw5Qw = 5112,40 - (5[237“,, (726)
using (7.23) it can be rewritten in the form
— iW(_6%2’w012> = (5]12#) — 5123,w (727)
and then 1
Wigw = ——— (01120 — 0123,,). 7.28
12, chlg( 12, 23.0) (7.28)

Here w is a frequency which has arisen in the Fourier transformation. Sub-
stituting (7.28), (7.23), and (7.24) into (7.21) and (7.22) we have the system
of two equations

G12

(0612, — 0123.) + 0712,
Wizw (7.29)

G G (6T120 — 6153.0) + 07
Cas iwCiy 12,w 23w J23,w-

5112,0.1 = -
1

5123,0.; =

Solving this system of linear equations for ;5 and denoting 75 = C12/G2,
To3 = Ca3/(Gla3 we obtain the answer

07 07 1—1
511, = J23,wT23 + 0J12,0T12( MT23). (7.30)

Ti2 + Toz — WWTo3T12

At zero frequency w = 0 the answer is

07230723 + 0J12,0T12

0190 =
T12 + To3

(7.31)

114



Noise review

Now let us calculate Fourier transformed irreducible current-current correla-
tor of two tunnel junctions system (this correlator is often called just “noise”)

7122<5j%2,0> + 7223<5j§3,0>

(T12 + Ta3)?

<5[12,7w5[12,w> =

(7.32)

Then note that for each junction Langevin forces give its own shot noise and
<6j122,0> = <5j223’0> - €<]> We obtain

2 2
Tiy 1 Tag

0ls 01 =e(l .
< 12,—w 12,w> €< >(7_12_{_7_23)2

(7.33)

Also we can rewrite this result via resistivity of each junction Ryy = 1/Gs
and R23 = 1/G23

R?2,C% + R2,C%
6l _o0la,) = e(I)—2212 2323 7.34
In case 712 = T93 we have .
(017,0) = 5e<1>. (7.35)
In case of 115 > 73 we approach the limit of one tunnel junction
(017,,0) = e(I). (7.36)

For high-frequency limit w > 1/7 where 7 = min{r,, 73} from (7.30) we
have
0l120 >~ 0124, (7.37)

therefore is we suppose that (97, ) = const (white noise) and (9,7, ,) = e(I)
(013,,,) = e(I). (7.38)

For the N identical junctions and zero frequency similarly to (7.31) we have

|
o =+ 2; ji (7.39)
and for the noise
1 I N 1
(01%)um0 = 7 ;(j?>w:o = el = s ell). (7.40)

This formula coincides with the predicted result (7.20).
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(2) by 0 (©

Y21 T 1712 I U;

12) o1

Figure 7.3: (a)&(b) Telegraph noise is random jumping between two states
with probabilities 712 and 72;. (¢) Double well potential. E.g. the probability

of jump from state |1) to |2) is due to the finite temperature and is about
,.)/12 ~ e_Ul/kBﬁ'

7.4 'Telegraph noise

The reason to present telegraph noise is two fold. First, there are noise
sources which produce telegraph noise in many materials (e.g., charge im-
purities). Second, telegraph noise is the basic ingredient in order to discuss
1/f noise which we will do in the next section. The main idea to explain
1/f (Hlicker) noise is the following: In (almost) all large system there are a
large set of relaxation times present. Taking into account all these relaxation
times can lead to a 1/f dependence of the noise power (we will see how it
work).

Telegraph noise is a quantity x(¢) which fluctuates in time between two
values x1, z9, see Figure 7.3(b). Physically this can by an impurity in a
double-well potential like Fig. 7.3(c). As was shown by Altshuler [ref] and
independently by Stone [ref] that in coherent conductor if one impurity
changes its position by a distance L much larger than the Fermi wavelength
Ar (L > Ag) the conductance changes by

e? 1

G~ (Ghje?)

(7.41)

(find the power a). That an impurity jumps between two stable positions
happens often in mesoscopic systems, e.g., in heterostructures in the Coulomb
blockade regime or in qubits. These impurities are one of the reason why
the devices do not operate perfectly; the impurity jumps and induces some
uncontrollable fluctuations. Lets consider a simple example. We have a
quasi one-dimensional channel forming a QPC. As mentioned in Chapter 3.3
transport there is dominated by the top of the effective potential. If the
top of the potential is near the Fermi energy, then small fluctuations of the
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potential due to the different position of the impurity change the transmission
probability considerably.

The first experiment on noise of a quantum point contact was performed
by Tsui [ref] (who also discovered the fractional quantum Hall effect [11]).
He mostly observe this flicker noise. Partly he observe shot noise damping
in a sense that at plato he had low noise; lower than Shottky value. But
nevertheless the dominant was telegraph signal due to impurity. ¢2¢

At the moment suppose that impurity jumps between two states and the
process can be described classically. Then, we have a fluctuating conductance
G(t) as a function of time which can be equal to G; or Gy for x = 1, x9,
respectively. The current through contact is given by I(t) = VG(t). Again
suppose that probability to find the impurity in position |1) in state and
conductance G is Pi(t); to find impurity in state |2) and conductance Gy is
Ps(t). Naturally

Pi(t) + P(t) = 1. (7.42)

If we know the rates 12 and ~9; we can write down a master equations for
probabilities P;(t) and Py(t)

OP
5 * = — 1P+ P, (7.43)
t
using (7.42), we can rewrite it
P,
0_151 = —(m2 +v21) P + a1 (7.44)

Let us consider the case when at ¢ = 0 the impurity was in state |1},
Pi(0) = 1. (7.45)

Let us call the solution for probability Pi(t) of the (7.44) with the condi-
tion (7.45) Py(t). This conditional probability is

Pi(t) = %e*“ + % (7.46)

where I' = 415 + 72;. The same conditional probability (with the condition
P5(0) = 1) for the second state is

By(t) = %e—“ + % (7.47)
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If we go to infinity we should say that the probabilities P;(¢) and Px(t)
are saturated and left part of the equation (7.44) is zero. We have
721 12
T r
The averages of the probabilities are defined by their relaxed values, (P;(t)) =
Pi(400), (Pa(t)) = Pa(+00).

Now we are equipped to calculate the current-current (or, what is the
same, conductance-conductance) correlator

Pi(400) = ==, Pa(400) = (7.48)

(1(0)I(t)) = VHG(0)G(1). (7.49)

Sometimes correlator (G(0)G(t)) is called conductance fluctuations. Now let
us use the expression for G(t)

G(t) = G1Pi(t) + GaPa(t) (7.50)
and calculate the correlator
(G0)G(t)) = <P1>G1{G1]51( )+ Gao(1 — P1 }—i—
(Py)G2{GoPs(t) + G1(1 — Pa(t))}. (7.51)

Let us explain this formula. In the first term (P;) is the probability to find
system in the initial state |1). We should multiply it by conductance in this
state G; and by the conductance G(t) under assumption (7.45). And then
add the same term for opposite initial term. Formula (7.51) can be rewritten
by introducing AG = GG; — G5 and we have

(G0)G(t)) = (P)G1{ Gy + P()AG} + (P)Go{G1 — B(t)AG}.  (7.52)

Now lets use expressions for conditional probabilities (7.46) and (7.47)

©)60) = (e {u+ (e + ) ach + (riG{ G-

721 Tt Y12 721 Y12 Y12 oIt
(Fe F)AG} (P >G1{PG1+ 20+ G }+

<P2>G2{721G1+71202 Aa%e—”}. (7.53)

Taking into account that

12 2+ %202 (PG + (P)Ga = (G)
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we obtain for t > 0
(GO)G()) = (G)? + AG (<P1>Gl% - <P2>G2%) e Tt

= (G)? + AG*(P))(Py)e . (7.54)
The irreducible correlator is

(G0)G(t)) = AG2<P1)(P2>e’Ft. (7.55)
For t < 0 we can write

(G(0)G([@))) = ((G(1)G(0))) = (G(O)G(-1))).

So, for any time

{G(0)G(1))) = AG*(P)(Py)e MM, (7.56)

The spectral density for conductance fluctuations

Se(w) = / dt e ((G(0)G(2))) (7.57)

can be easily calculated. We have standard Lorentzian shape

2T
2
Se(w) = AG <P1><P2>m. (7.58)
And the same answer for current fluctuations in telegraph regime
2T
2 A2

7.5 Flicker noise

Soon after discovering flicker noise, the idea was presented that the origin of
flicker noise are two-level fluctuators (impurities) producing telegraph noise
with different relaxation times. If we sum up it all this individual noise
sources, we get a 1/f dependence. The total spectral density S(w) is a sum
of the spectral densities from the impurities (this statement is equivalent
to the fact that the individual telegraph processes are independent of each
other). The relaxation rates I'; of the impurities are distributed with the
distribution function f(I"). For simplicity let us assume that AG is the same
for each object. The spectral density of the flicker noise can be written in

the form
+o00

S(w) = VIAG? /

0

2T
2 + w2

F(T')dr. (7.60)
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Q: What is the maximal value of I" in the formula for spectral density (7.60)?

A: To be more realistic in the expression for the total spectral density, we have to in-
troduce an upper limit of integration, I'iy.x. The rate I'iyax corresponds to the fastest
relaxation in the system which is of course not infinite. All our considerations is correct
only if w < I'iyax.

Now we can assume a distribution function f(I") such as to get a 1/w depen-
dence in (7.60).

Remark. By the way in experiment its not exactly 1/w, but 1/w®. The power « can
be less than unity, or can be even little bit more which indicates that process is already
nonstationary.

Assuming that

fi
f0) =%, (7.61)
where fj is some constant, we obtain a 1/w dependence from (7.60)
Sw) = V2AG2 ™o (7.62)

w

The question remains which the fluctuators are distributed according to
Eq. (7.61) work. The jumping rate I' is due to thermal excitations given
by Arrhenius law

[ =Tye Vo/ks?, (7.63)

where I'( is some constant and Uj is the height of the barrier between the two
minima in the potential, see Fig. 7.3(c). The number of two-level systems
in the interval [[',T" 4+ dI'] can be rewritten as the number of objects in the
corresponding interval in barrier height [Uy, Uy + dUp| via

Lo

f(I)dr = f(I) T e~ Vo/ke?|quo | = n(Uy) |dUy|. (7.64)
with a distribution
n(Uy) = & e~ Uo/ks? f[l“ e_UO/k'Bﬁ:| — Lf(l") (7.65)
O ko 0 PRUEA ‘

of the potential barriers heights Uj.

If we now suppose that distribution (7.65) of the barrier heights is con-
stant n(Up) = ng, we obtain the distribution (7.61) for the relaxation rates
with fo = nokg?.
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In general case we have

r
r = . .
F(0) 5 = nith) (7.66)
Suppose the distribution n(Up) is powerlike
1

Using Eq. (7.63) and expressing Up in terms of ',
r
n(Up) = kg log T (7.68)
0

we obtain only the logarithmic deviation from (7.61)

X

I = 7.69
In the case of exponential distribution of barrier heights Uy
n(Up) oc e”V0/E, (7.70)
(E is some constant) we obtain power distribution for I'
kg ¢ I' \kBY/E
n==2(5)" 771
1) == (& (7.7)

The flicker noise is an enormously general phenomena and its origin is not
understood on a more fundamental basis than the reasoning above. More
elaborate calculations have been performed taking into account electron-
electron interaction [12]. The authors found a noise spectrum proportional
to 1/w for a 2D system.

Flicker noise can be observed everywhere: if you observe current flow,
or count cars on a street, ... People analyze music in this sense (e.g., no
1/ f-noise is observed in modern (rock) music which is close white noise plus
couple of frequencies while classical music produces 1/f noise).

7.6 Nyquist theorem (Nyquist-Johnson ther-
mal noise)

Next we discuss Nyquist-Johnson or thermal noise. We will perform the cal-
culation for classical noise at zero frequency; in Chapter 7.7, we will general
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7.6 Nyquist theorem

this to the quantum mechanical case. Here we present a simplest way to
derive Nyquist-Johnson noise [6].

Consider the system which contains resistor with resistance R and ca-
pacitor with capacitance C' shown at the Figure 7.4. At a finite tempera-
ture 9, there are current fluctuation for which we want to calculate the power
spectrum. We know from the equipartition theorem in classical statistical

—
R

|
—Q2 1L Q)

Q

Figure 7.4: Scheme for Nyquist-Johnson thermal noise.

mechanics that in thermal equilibrium the average energy in the capacitor is
defined by the temperature ¥ and given by

(Q*)  kgv
20 T 27

where () is a charge at the capacitor. We are interested in the current I.

(Ec) =

(7.72)

This current [ is connected with voltage drop at capacitor V = @Q/C by the

_ 9
CR’
The speed of capacitor discharging d@)/dt is determined by this current and

Ohm law, so we have

I (7.73)

we can write the differential equation for charge
_dQ_ Q
dt CR
If we suppose that at ¢ = 0 the charge at capacitor was (), this equation has
the solution

(7.74)

Q= Qe 7, (7.75)

i.e., the capacitor is discharged with the RC' time constant. In the theory
of quasistationary fluctuations one assumes that the correlator ((Q(0)Q(t)))
satisfies the same differential equation as Q(t) itself. Therefore, we have

2 QOQM) =~ (QOQM) (776)
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with the solution
(Q0)Q(1))) = ((Q*(0))) e /RC. (7.77)

Remark. This approach is different from the Langevin approach which we introduced
before (see 7.3). Here, the treatment is the following: if we know what is the fluctuations
in the coincident times ((Q?(0))) from somewhere (e.g. here from thermodynamics) then
we can find out how the correlator ((Q(0)Q(¢))) behaves in time. For the quasistationary

fluctuations with L;Q; = 0 (where L is some operator acting only on @7 and is not acting
on @), we require L1 {QoQ1) = 0.

The frequency dependence of the power spectrum can be obtained by Fourier
transforming Eq. (7.77). The spectral density is given by

2(RC)™!
(RC)2+w?
Note that ({(Q?)) is completely determined by equation (7.72) since (Q) = 0.
The zero frequency fluctuations are given by

So(w) = ((Q%) (7.78)

So(0) = 2k, 9 RC?. 7.79
Q

The voltage correlator can be obtained by dividing Eq. (7.79) by C?. This
yields

Sy(0) = 2kzVR. (7.80)
For the spectral density of current-current fluctuations, we introduce con-
ductance G = 1/R and have

S1(0) = 2k, 9G. (7.81)

Equations (7.80) and (7.81) are called the Nyquist theorem for zero frequency
thermal noise. The analysis for finite frequency can be performed in the same
way but as soon as you go to the frequency higher than the temperature this
approach will break down because at hw > kgt the system is not longer only
determined by its thermodynamic properties.

7.7 The fluctuation-dissipation theorem

In the study of noise (e.g. see the original paper of Callen and Welton [13]
or Landau and Lifshitz [14]) it is customary to consider the symmetrized
current-current correlator

1
gl + L),

123



7.7 The fluctuation-dissipation theorem

The reason for this is that it is a real quantity. In fact it was shown by Lesovik
and Loosen [15] and then by Gavish et al [16], that at low temperatures in
a natural setup where one measure finite frequency noise the experimentally
measurable quantity is (/_,1,) taken at w > 0.

First, let us calculate linear response of a system to an external driving
field. The fluctuation-dissipation theorem connects the linear response co-
efficients with the fluctuations in the equilibrium. We will calculate linear
response in framework of the many-body perturbation theory. Suppose we
have a vector potential A such that the interaction part of the Hamiltonian
can be written as

V) = —% / do Az, ) 1(2, 1), (7.82)

where ¢ is the speed of light (in the following, we will set ¢ = 1).

Of course also other quantities can be studied, e.g., the response of density
to some potential and so on. Now we will calculate current in the presence
of the time-dependent flux

A(x,t) = A, (z)e™™" (7.83)

and we will search for the linear response coefficient «,(z, ') in the relation
I,(z) = /d:)j' Aoy, (z, 2" )e ™! (7.84)

In fact, as A(x,t) is a real quantity, Eq. (7.83) should in fact read A(z,t) =
[A(z)e ™t + A (x)e™!]/2; we can always add up the negative and positive
frequency components at the end. As we have already shown before, the
average current is equal to

(I(t)) = Tr{p St (o0, t)I(t)S(—00, 1)}, (7.85)

where p is the initial density matrix at time ¢ — —oo and S is the evolution
operator given by

S(—o0,t) = Teli/M Jtoodt' [dal(zt)A(zt) (7.86)

Using (7.86) the formula (7.85) can be rewritten as
<f(t)> _ Tr{ﬁ/]-e(z/h) fioo dt’ [ dx I(z,t')Az,t") j(t)

% Te/m [ dt/fdxf(ac,t’)A(:p,t/)}. (7.87)
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Expanding to first order in A yields

/#/MAxt 2.1)

Here, the first term I(z,t)I(z’,t') originates from the expansion of S and the

'\(>

(' ) = I(z' ) (2,1)). (7.88)

second I(x',¢')I(x,t) from the expansion of ST. Plugging in the harmonic
time-dependent for A(t), we obtain

(z,t)) /dt /dx Au( e wt!

x (I(x, )I(«' t) — I(z/, ) (x,t)). (7.89)

Now, we go over to frequency space. Here we suppose that the process
is stationary and therfore (I(0)I(t) — I(t)I(0)) = (I(0)I(t) — I(t)I(0)) =
((T(0)I(t)—I ()T (0)))+((I(0)I(t)—I(t)I(0))). If the process is non-stationary,
we can still continue in the same fashion but we should be careful with in-

’\n

troducing two frequency for the correlator. Equation (7.89) transforms into

/ / e~ dt! /dx A, (x)x

X {e’““ﬂ*”(lfgfg>——e’“Mr%q<fofQ>}- (7.90)

After performing the integration over time, we obtain

_ Mw+m+7 .
dz’ A, (z')e™ " { [ olo) — (Inl } ,
(7.91)
with v — 0%. Now we have to convert this expression to the d-function plus

something and make the integration over 2. For the real part of the fraction
in the (7.91) we can write

v
lim ———— Q).
20 (w+2)2+ =m(w+9)

The another part give the non-dissipative part of the response and it is some
labour to consider what to do with it because in addition to this contribution
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7.7 The fluctuation-dissipation theorem

to current there appears the term which is proportional to pA i.e. diamag-
netic response. In normal system there is a cancelation of this diamagnetic
term which come from the Fermi surface contribution of namely this part.
We will not do this because in fluctuation-dissipation theorem only impor-
tant part is the dissipative part of response. Therefore we take away this
imaginary part and obtain

L(z) = g%b/“dxﬁAw(xqef4wt{<f_w(x)fw(xq>-<j;(xqj;w(x)>}. (7.92)
This is the answer.

Now let us write the expression for dissipative part of response. We
subtract from total v, (x,z") the non-dissipative (reactive) term

a,(z,2") = ay(z,2') — o, (x,2) (7.93)

and for &, (z, "), we obtain

~ A L T T N /T (I\T
dulea)) = - {Uu@) @) = (L) @)} (T94)
We switch now to the electric field
dA
E=-o (7.95)

if we substitute here time-dependent A from (7.83)
E, =iwA,e ™" (7.96)
The current is expressed in terms of the conductance G as
Lxx)::]/dxzzxx,xqzz(xq. (7.97)
As w — 0 the kernel in the last formula is constant and we have
L:@/m&@:@m. (7.98)
Using formulae (7.92), (7.96), and (7.98) we have
S(—w) — S(w) = 2hwG,,. (7.99)

This is Kubo’s formula. The fluctuation-dissipation relation we will consider
below. As a matter of the fact, Kubo’s formula is also valid in a nonequilib-
rium situation, as was recently pointed out by Gavish et al. [17].
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Now we will obtain the fluctuation-dissipation theorem. The idea is to
connect S(w) and S(—w) by knowing the properties of density matrix and
substitute it to the Kubo formula (7.99).

First we calculate current-current correlator in quite general form

(I(w1,t1) I (wa, ta)) = Te{p ST(t1) I (21)S(t1) St(ta) [ (22)S(t2)},  (7.100)

where S(t) = ¢t/ ig an evolution operator which is connecting time-
dependent and time-independent current operators I(t) = ST(t)IS(t) and p
is a density matrix operator. Since it is a stationary problem and we suppose
to know Hamiltonian in general form we can rewrite it in matrix form. So
we go to some representation which diagonalize Hamiltonian and the density
matrix

(L(ay, 01)I (22,82)) = Y (nlpln)(nld (z1,01)m) (m| I (x5, t2) ), (7.101)

n,m

here indices n and m cover everything (wave vectors, spin, ...). Introducing
Prm = (n|plm) and substituting evolution operators we have

(a1, t) 1 (@2, t2)) = 3 prn{nle ™0/ ()™ ot/ ) x

(e (aa)e 00 M) = 37 pu (1 (a1 )lm) (ml 1 (z) ) ¢ Enta/ = iEnts
eIl = Y pr (] () ) (] () ) ! =) 200 (7.102)

Now lets go on to the frequency representation. In most general form

A

(Lo (1) o (2) = / dt, et / dty €2 (1(z1, 1) (. 1)) =

S Pl FGalm) ) o)) (2 6 [ir — 22 )
i = Z2 ] = (@ 3 o (al ) ) (| 2) )

M} = 26 (w1 + wo) (Lo, (w1) 1o, (22)).  (7.103)
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7.7 The fluctuation-dissipation theorem

A~

S(xy, 295 w) = (Ly(z1)_y(22)) = /dtei“’tUA(:pl,O)]A(xg,t)) =

En,

20> pn{nld (1) |m) (m]| 1 (2) ) 6[w . %E"] (7.104)

n,m

This expression is non-zero only at energies F,, — F,, = hw. The diagonal
elements of density matrix are pn, ~ e Z/*3% and pm ~ e Pm/kY where
¥ is a temperature and kg is a Boltzmann constant. Thus

— e wike?y (7.105)

pmm

Now let us change n < m in the sum in formula (7.104) and then substitute
the expression (7.105) for p,m, we have

S(a1,230) = 21> (| (1) |0) (| (05) ) 5[W _ En %Em} _
27 prwm (| (1) |n) (n|1 (2) m) 5[ W %] -
223 e, | ) ) ) ) o — o — Em ]

m,n

ek S (g 21y —w).  (7.106)

This formula connects S(z1,x9;w) and S(xy, z2; —w). By substituting this
relation to formula (7.99) we get the fluctuation-dissipation relation

(eﬁw/kBﬁ _ 1) S(xl’w%w) = QhWGw<CL'1, xz). (7107)

The standard formulation of the fluctuation-dissipation theorem is for
symmetrized current-current correlator. Let us modify our result. Let us
rewrite the expression for the symmetrized current-current using (7.106)

1 . eﬁw/kBﬂ + 1

() (x2) + T p(1) Lo (22)) = 5

5 S(x1, 9,w).

After that we can substitute the expression for S(zy, xe;w) from (7.107) and
obtain

1

St(a) (@) + Lo(a) Lla2)) = 2h0G(ay, 723w) coth (22” 19). (7.108)
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Similar, we obtain for Bosons the Bose-Einstein occupation numbers N(g) =
1/(es/*8Y —1). The fluctuation-dissipation theorem in its standard form reads

A A

<jw<xl)l—w($2) + I—w<xl)fw(x2)> =

N

F[G (1, 72 ) + G2, 71 w)]{% £ N ()} (7.100)

7.8 Theory of measurements of the noise

In recording high frequencies it is suitable to use a resonance circuit (RC)
as a detector coupled by inductance with the investigated conductor so that
the RC is not affected by dc.

In this case the detector can be described by the equation of motion
b= -0 — 10— A (1), (7.110)

where the external force is proportional to the derivative of the measured
current M/ (t), and the circuit quality should be high, so v < Q. Then the
detector response is a changed charge at the capacitor, ¢ — @,

M2l T
2= [ d ww d11
@ = [a T (7.111)

We have considered the same system in quantum-mechanical terms [15],

assuming the circuit to have a certain temperature v/, . Treating the RC as
an oscillator with infinitely small damping 7, we have found the correction
to squared charge fluctuations, which is of second order with respect to the
inductance coupling constant. The result can be formulated as follows: the
measurable response of the considered detector at the resonance frequency
() is expressed via current correlators as:

Simens = K{S(Q) + N, [S(Q) = S(—Q)] } (7.112)

where
S(Q) = / dt (F(0) (1)) . (7.113)

The frequency {2 is assumed to be positive in the expressions, N, are the
Bose occupation numbers of the oscillator, i.e.,

1

Nog=—+——
§ ef/kpdc — 1’

(7.114)
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K is an effective constant of coupling between the quantum wire and the
RC, (A) = Tr{pA}, where j is the electron density matrix, and the time-
dependent current operators are determined in the ordinary way as I(t) =
eiflt[e=ilt The derived expression should be compared with the widely used

formula [14] o o
S(w) :/dweiwt<[(0)l(t)+[(t)](0)>. (7.115)

2

Note that the formula includes the symmetrized current correlator. The
symmetrization results from the fact that the current operators at different
times are not commutative, the symmetrization guarantees the correlators to
be reals, and is likely similar to the corresponding classical expression [14].
It is easy to check that the quantity

/ dt 1(0)1(t) ™.

is Hermitian and S(€2) is real [under the condition of time homogeneity
(I(t)I(t5)) = f(t; — t3), as was assumed in the derivation of Eq. (7.112)]?
Formula (7.115) leads to the well known expression for the spectral density
of fluctuations in an equilibrium conductor [6]:

1 1
S(Q) = 26105 + W] (7.116)
This means that at zero temperature the fluctuations should be proportional
to frequency, which is usually interpreted as an analog of zero (vacuum)
oscillations in an electromagnetic field.

However, as is known from optical measurement, normal photodetectors
do not record zero oscillations, because the energy required to excite an atom
in the detector cannot be extracted from the vacuum (see, e.g., Ref. [19]. At
the same time, zero-point oscillations can be observed (although by a more
complicated way than for usual fluctuations) in the Lamb shift of levels [20],
in the Casimir effect [20], or with the use of the so-called Mandel quantum
counter [21], which is initially prepared in an excited state and hence can
record zero oscillations.

Analyzing Eq. (7.112), we will show that the RC can operate as a pho-
todetector, which is not affected by zero-point oscillations, or a quantum

2For the case we study correlations at different points the measurable (and real) quan-
tity is [S(x1, za;w) + S(22, 71;w)]/2, see Ref. [18].

130



Noise review

counter, but its response is never described by the standard Nyquist expres-
sion (7.116) as would be expected.

When the detected frequency greatly exceeds the temperature of the
LC-detector, N, is exponentially small, and the only non-vanishing term
in Eq. (7.112) is the positive part of the spectral density S(€2), which de-
scribes the energy emission from the conductor to the RC. In this case the
LC-detector works as a normal photoreceiver. As an example, we express
S(€2) in a coherent conductor with transmission coefficient 7" at zero temper-
ature and finite voltage as

2¢?

S(9) = Z-T(1 = T)(eV - k), (7.117)

when AQ < eV and S(£2) = 0 in the opposite case. Here we ignore the energy
dependence of the transmission coefficient. Expression (7.117) coincides with
the excess spectral density calculated by the symmetrized correlator (7.115).

If the frequency is much less than the temperature of the RC, i.e. h2 <
k¥, the Bose numbers N, can be replaced by Kyzv/hQ. The difference
S(Q) —S(—Q) is negative, and for a quantum conductor with a transmission
coefficient weakly dependent on energy we obtain

S(Q) — S(—Q) = —2h0G, (7.118)

where G = (2¢*/h) > T, is the conductance.

Note that the singular behaviour of the spectral density at AS) = eV,
which was found in Ref. [22] for the symmetrized expression S(€2) + S(—€),
does not take place for S(2)—S(—2), therefore we can conclude that the only
singularity which can be measured at zero temperature and finite voltage is
determined by frequency cut-off of voltage in S(£2).

Now we have for hQ) < kg, c:

Simeas = K (S(Q) — 2Gkpdyc), (7.119)

The meaning of the negative term is clear: the LC-detector is “cooled”,
emitting energy into the conductor. Thus, in this limit the zero-point os-
cillations presented by S(—§2) can be observed in some sense, but the final
result includes an expression different from the Nyquist formula (7.116).

If the conductor is in equilibrium (to an accuracy of a weak interaction
with the RC), we have at low frequencies: Speas X 2G (Ve — V). This
expression is equal to zero, when the electron temperature 1, is equal to
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the temperature 1, of the LC-detector, as was to be expected for the total
equilibrium of the system.

At intermediate frequencies kpde,eV < hAS) < kg, the measuring
response is negative: Speas = —2GkgUic.

When the low-frequency limit A2 < eViuskstic is considered, it makes
no difference whether we use S(§2) or S(—) or the Fourier transform of the
symmetrized expression (7.115) to determine the spectral density, since the
result will be the same with the accuracy of small corrections of the order of
hQ/ev, kg?.
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Chapter 8

Noise: the second-quantized
formalism

8.1 Noise in non-equilibrium systems

In this chapter we will be interested in current noise in the mesoscopic con-
ductors and use scattering matrix approach more formally, in framework of
second quantization. To describe this noise we need second-order correlators
of the current operator I (x,t). The most general formula for it is

(I(21,t:)1(wa,t2)) = Te{p I (w1, 1) I (22, 82) }, (8.1)

where p is a density matrix of the system. For the time-independent Hamil-
tonian of the system H, we can write down current operator in Heisenberg
representation (see section 6.2)

A

[(x,t) = Hot/h () e=?Hot/h, (8.2)
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8.1 Noise in non-equilibrium systems

Here

A h dk'dk L
I= Ze Z/ { Lak’éLok( ik, _ik)tZ’tkel(k_k )x+

. . o . o
+ CLok/Cng [(—Zk/)t};/Q ik ac(e ikx + rkezkx) . tz/e ik ””(—zke zkz+
. ikx N ~ .11 ik'x / —ik'x ikx
+ ikrpe )} + Con Crok [(zk‘ e —ik'ry e )t e —

;1. —a / . y A A . i/ . —q /

— (T 4y “)zktke’kx] + c;fwk,cmk [(zk’e”C T ke ™M) x

> ( —ikx + ,r,kezkx) - (eik/m + Tzle_ik/m)(—ike_ikx + Zkrkezkw)] } (83)

is a current operator (6.44) which can be obtain by solving time-independent
Shodinger equation; the equation (8.2) describes its evolution.

Let’s start with simple one-channel problem for simplicity. Later we will
discuss how it was in n-channel case with n x n scattering matrix. But now
we have a simple problem — scattering on the potential. It has a solution
in the form of Lippman-Swinger scattering states (see section 2.4 for more
details): incident state from the left |L) or vice-versa incident state from
the right |R). In the first case the transmission and reflection amplitudes
will be £, and 7, respectively; in the second case they are tg;, and ryy. In
the absence of magnetic field H = 0 transmission amplitudes from left to
right and from right to left are equal, tx;, = t,z. In general for H # 0 these
amplitudes are not equal tz;, # t;x and due to the time reversal symmetry
tro(H) = tun(—H). In quite general case 7 # rzs (even for H = 0) but for
the symmetric barrier r;;, = rzg. Let’s suppose the symmetric potential to
simplify our notations.

Using the same technic as in section 6.4 we obtain the answer for corre-
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lator (8.1) and then, making Fourier transformation for the spectral density

o)Lt = o 7 =

hv. v,
nu(eN[1 —nu(e)](k + k) Tu T, !k (@1=2) .

()L = m(@)] { (k + KT (1 = Ty
(K2 —K2)Toe* 1=e2) (g gih@rten) o mik(oibea)y ()27, g i(hHk) (1 —22) }+

+ (&)1 = mu (&) (k + K)PTL(1 = L)ooy
+(k2_k/2)T€6ik(x1—m2) (Ta ezk (a:1+:c2)+r* —ik’ (xﬁ—mg))+(k/_k)2TE€i(k+k’)(x1—x2) }+

+ng ()1 — nR(e)]{(kz + k)P ERIETE) (k4 1) Ry Roet R R )
— (k+ k’)Z [r* r.e eilk—k)(z1+a2) | T:TE,efi(kfk’)(xﬁm)} +

(k k/2)|: * —z(k ka1 —i(k+k")z2 Tslei(k+k/)x2—{—T:/@i(k_kl)xQe_i(k+k/)xl _Tgei(k—i-k’)xl]_{_
(k’2 . k?/2) [’I“* R. ei(k—k’)xl—i(k:-‘rk’)xg —r.R. lei(k—i-k’)m
R 7, e —i(k—k"zo—i(k+k")z R r. e(k+k’)xl]

(k ! ) [ % 7z(k+k Y1 rgei(kJrk/):cl} [r*efz(kﬂc )2 rs,ei(kﬂc/)m] }} , (8.4)

here €' = ¢ + hw, electron velocity v. = /2¢/m, and electron wave vector
k = /2me/h.

For zero frequency w = 0 spectral density (8.4) does not depend on coor-
dinates and we have

S(0) = ((T_oL))|,_, = 2% de [nL(g)u — ()] T2+
()1 = ne(T2 + T[1 — Te{no(e) (1 — na(e)) + na(e) (1 — nL(&?))}].

(8.5)
Now let us consider some limits of the Eq. (8.5).

(HL/R_

Zero temperature limit. In case of zero temperature n, x(¢) =
¢) and nonzero voltage V' the formula for the spectral density (8.5) simplifies

and we obtain

5 ut+eVy/2
5(0) = / deT.[1 - T, (8.6)
u—eVy/2
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8.2 Beam splitter

If in addition we suppose that transmission probability 7" does not depend
on energy dramatically, then we can replace the expression in the integral to
the its value at Fermi energy, 7. ~ 1), =T,

2%V

S(0) T - T1. (8.7)

This limit is gives us quantum shot noise. The source of this noise is the
choice of quantum alternative: to tunnel or neglect.

Equilibrium limit. Now let us consider the case with nonzero temper-
ature and zero bias voltage V' = 0. In this case n, = ny = n.

o0
2¢?

S(0) = = / de 2n(2)[1 — n(e)]T.. (8.8)

0

If we assume 7. to be constant and taking into account that [ den(e)[1 —
n(e)] = kg we recovered Nyquwest result for the noise

S(0) = 2k,9G, (8.9)

where G is a conductance per spin.
In the Shottky limit of we assume ny; = 0 and n;, < 1. In this limit

the spectral noise
+oo
B 2¢?

s0) == / dz my ()T (8.10)
0
is proportional to the average current

+oo
A 2e

(I) h / de ny(e)T: (8.11)

0

with coefficient which is exactly equals to the electron charge e,

S(0) = e(). (8.12)

8.2 Beam splitter

Let us consider the symmetric bean splitter represented at Fig. 8.1. The
electrons comes from the reservoir 1 and can tunnel to the reservoirs 3 (with
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®
©

w+eV W

Figure 8.1: Symmetric splitter. The voltage V' is applied to the lead 1; the
leads 2-4 are at zero potential. The probability to tunnel from the lead 1 to
4 is r, to 3 is t and there is no backscattering at all.

amplitude r) and 4 (with amplitude ¢) and does not reflect to back and to
the reservoir 2. Let us calculate the spectral density at zero frequency of
the current-current correlator ((I31;)) between current in the 3rd and 4th
reservoirs. The definition of this kind of correlator

Say(w) = / dt ((Is1,))e. (8.13)

Due to the absence of the backscattering we can take only the term in (8.3)
which is proportional to the éigk,éwk (Lippman-Scwhinger state coming from
the left = from 1st lead), e.g. for the 3rd lead

/
A = Zeh Z / dk dk Zk/) [élak’t* + égak"r*] [élakt + é2al€,r:| ei(k_k/)x'

(8.14)
The current in the 4th lead can be obtained by replacing ¢ <> r in (8.14),

i zeh dq dq

—iq —1q ) [Claq’r + Cgaq/t ] [élaqr + éQth} ei(Q—q’)w‘

(8.15)

The irreducible correlator for zero temperature and zero frequency is given

1

by the term proportional to <6Lk/élgq)<é%ké;0q,> x ny(e)[1 — ny(e)]." Here

!The similar term (éiak,élaqﬂé%ké;aq,) x na(e)[1 —ny(e)] is zero because the nonzero
regions of the functions na(g) and 1 — nq(e) do not intersect.
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8.2 Beam splitter

ni(e) and ny(e) are Fermi occupation numbers in 1st and 2nd leads. The
corresponding spectral density is

>

2 eleveler
Ve

Saa(0) = 260 / A (1 — na(e)| 4k 1 thr (8.16)

Note, that due to unitarity of the scattering matrix of the splitter we have
~TuR. (here T. = |t.[* and R, = |r.|* =1-T}).
Therefore, the formula (8.16) transforms to

* _ * * * _
tir, = —t.r;, sot.t.rir, =

534<O) = —2762 de nq (E)[l — 712(8)] TERE. (817)

0

And assuming 7. and R. to be constant in the interval [p...u + eV] we
obtain the answer 03V
e
S34(0) = — .

The S34(0) is negative; this reflects the fact that although the wave function

T.R.. (8.18)

is splitted, the electron can be found in only one arm.
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Chapter 9

Entanglement and Bell’s
inequality

9.1 Pure and entangled states

Le us consider the two noninteracting quantum mechanical subsystems, which
are described by wave functions |¢)1) and [¢5). The state of the composite
system which can be presented in a tensor product of its subsystems states

(21, m2)) = [11(21)) @ [Pho(12)). (9.1)

is called product state of the system.

But all states of the system can not be described by (9.1). For example
the state

1

V2
can not be written as a product of the (orthonormal) states [¢;) and [i)s)
of the subsystems . All states of the system, which can not be written in
form (9.1) are called entangled. For the state (9.1) each particle 1 and 2 is
in pure state. Their density matrices are

pr= Y1) (Wl P2 = [¥2) (el (9:3)

For them Tr{p;,} = Tr{p12} = 1 as must be for pure states [1]. In other
hand, density matrix of the 1st particle for the state (9.2) is

9, 22)) = —= [l (e )la(@) = [ (eDla@))] (92)

palen) = Too ) 1} = 5 [[on ) (o) + (o))l ], (94)
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9.2 Entropy growth due to entanglement

(a) (b)

TS 1
<> 2 3
Detectorg 9
o ls
3 o
3Y 2y29 3
o> Step 1 —> Step 2 3
—> Step 3

Figure 9.1: Quantum random walk at 1D lattice (a) and at 2D lattice (b).

where Try is a trace over degrees of freedom of the 2nd particle. Then
2 1
Te{p;} = 3 < 1 (9.5)

and thus, particle 1 is not in pure but in a mized state, due to entanglement
with particle 2.

9.2 Entropy growth due to entanglement

In this section we discuss which path detector and will be interested in the
entropy of the system S with entanglement. The entropy is defined by usual
formula

S =—Tr{plog, p}. (9.6)

In the case the detector works perfectly and detect passed particle without
perturbing its motion, one can use the master equation to describe the prob-
ability to find particle after step number n in (symmetric) random walk, cf.
Fig. 9.1. In 1D case Fig. 9.1(a) the master equation is
1 1

Pj—(n) = 5Pj1—(n = 1) + 5 Pjn—(n — 1), (9.7)
where j is a number of segment between the scatterer, arrows show in which
direction the particle travels. And similar equation for opposite direction

1 1
Pj—(n) = 5P (n = 1) + 5 Pjo1 . (n — 1). (9.8)
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(a) (b)

Detector, | )?)-\ O—\ O-\

Ix1) Ix1)
RN S L)X 7 7 R)
)

Figure 9.2: Entropy growing due to entanglement. (a) Scheme of the which
path detector setup; the state of the detector is characterized by spinor func-
tion |x) (states |x;) or |x;)) and the sate of the electron — by left |L)
or right |R) arm. (b) The states of electron and detector are entangled:
PIXOIL) — th)IR), where [rf? + [tf2 = 1.

Using (9.7), (9.8), and convexity of the function —zlog, z one can prove,
that entropy grows S(n + 1) > S(n). (In fact S(n+ 1) > S(n) striclty.)

Consider now in details a which path detector. At the entrance of it elec-
tron splitter is placed. The electron can propagate to the left arm (state |L))
with probability R = |r|* and to the right arm (state |R)) with probability
T = |t|>; T+ R = 1. The transmission amplitudes ¢ and r characterize
splitter, we assume that no backscattering takes place.

The state of detector is described by spinor function |x) with basis states
“up” |xq) and “down” |y;). The initial state of the spinor is in the direction
of z axe

oy == g |- 99)

The operator which rotates spinor |x) around axe x to the angle ¢ is

T(p) = cos £ + i, sin = = cos(p/2) isin(p/2)
U = iocm = | 0D e | O

2
The state of the spinor rotated around axe = to the angle ¢ is

(o) = Oty = | B . (0.11)

The density matrix, projected to the state when the particle is found in
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9.2 Entropy growth due to entanglement

X 7 Py

Detector, ])8_(
r A\ At
/

Figure 9.3: The detector has initial state |x;) and change it to |x|) if electron
moves through the left arm (state of the electron |L)) and does not change
if electron moves through the right arm (state of the electron |R)).

the lead L is

p = R |x(2)) (x(©)] + T?x(0)) (x(0)]
— RTe " x(0))(x ()| = RTe""% |x(¢)){(x(0)], (9.12)

where ¢ = ¢, — ¢y is a difference between phases accumulated in left and
right arms.

The probability to find electron in the left after second splitter is a sum
of probabilities which correspond to the different states of the detector, |x1)
and |x|)

b= (alplxa) + Oalblx- (9.13)

Usung (9.11) and (9.13) we obtain
P, = R*+T* — 2RT cos g COS g (9.14)

Let us calculate the wvisibility of the interference in the left arm

~ max{FP} —min{P.} 2RT|cos(¢/2)|

— = 9.15
max{P.} + min{ P} R?2 +1T7? (9.15)

For the symmetric splitter R = T' the visibility is
V= ‘ cosg . (9.16)

Interference decrease due to entanglement of the particle with the detector
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Emitter
bh—0—

Figure 9.4: Bohm emitter emits two particles in opposite directions with
opposite spins (possible realizations are marked with solid and dashed lines).

9.3 Bohm state

For product state
al,ab[0). (9.17)

Wave function in first quantize formalism is

%{901(1’1)XT(51)902(1?2)X1(§2) — o1(2)x1(E)p2(z1) X1 (€1) }- (9.18)

Entangled state in second quantize formalism is

I I
E{a}agl — ahagTHO) (9.19)

and in first quantize formalism

%{Qpl(xl)XT(51)902@2))&(52) — p1(w2)x1(&2)p2(x1)x ) (&1)—

p1(21)x ) (E1)p2(22) X1 (&2) + @1(22) X (&2)pa(21) X1 (E1) }. (9.20)

We take here
/ 053 (1) (x) = 0. (9.21)

Compare (9.18) to usual

[p1(21)pa(2) £ 01 (2)0a() ] [x1(E)x1 (&) F xr(E2)x1(&1)]. (9.22)

9.4 Bell type inequality

If x, 2/, y, ¥ are arbitrary variables and the conditions |z| < 1, |2/| < 1,
ly| <1, |y'| <1 are valid. Let us calculate the limitations for the absolute
value of (x — 2")y + (x + 2’)y’. The modulus of the sum is equal or smaller
then sum of modulus

(@ =2y + (z+2")y| < |(z =2yl + (@ +2)y| < o —a|+]z+a']. (9.23)
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Figure 9.5: Entanglement in solid state physics: examples. (a) Setup 1. (b)
Setup 2.

Due to symmetries © — —x and 2’ — —2’ we can analyze last expression for
positive z and z’. For x > 2’ it is equal to 2z, otherwise it is equal to 2x’.
Therefore it less or equal 2 and we have

(z — 2" )y + (z + )y’ < 2. (9.24)
Now let us suppose that
r=uz(a,)), ¥ =2(a,\), y=y(a, ), andy =1/(a,\). (9.25)

Distribution p(A), [ dX p(A\) = 1. State of the detector is described by a,
and the state of the particle is described by A.

Determine the result of measurements x(a, A) in local hidden variables
theory (LHVT) averaging with p(\) over (9.24), have

—2< (zy) — (@'y) + (zy) + (=) < 2. (9.26)

9.5 Entanglement in solid state physics: ex-
amples

Here we presented a few solid states setups, where Bell’s inequality violates,

cf Fig. 9.5.

9.6 Entanglement in solid state physics: one
more example

Let us consider one more violation of Bell’s inequality example (cf Fig. 9.6)
in more details. We should construct variables x and y which are in range
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ny, Ng

~../\/’f‘172

tl,g = COS 91,2

X
risiné’\/\) T
\
1 N2

Figure 9.6: Violation of Bell’s inequality setup is formed by two splitters
[first one with 7 and ¢; second is controllable with 71 2 and ¢; 5] and detector
in the left arm.

[—1...1]; it is possible in the following way
r=mn,—ng, y=N,— Ng. (9.27)
Then the first term in Bell’s inequality looks like
(xy) = (nyNy) + (ngNg) — (n . Ng) — (ng VL), (9.28)
Now we postselect the state, when spin flipped due to one particle passed
) (PL)IR) + 2]R) L)) (9.29)
Let us calculate the averages in (9.28), the first one is
(nyNy) = %|2 sin 0 cos Oy — i cos 6y sin Oy ‘2

1 1
=3 [sin2 0, cos? Oy+cos? O sin? Oy —2 sin 6; cos 6 sin By cos 02] =35 sin?(6;—65)

(9.30)

In the same way we calculate

1 1
(nyNg) = §}isin 011 sin O — cos 0; cos Oy 2= 3 cos? (01 — 6) (9.31)
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2 0,

Figure 9.7: Violations of Bell inequalities: optimal angles for pseudo-spin
which are violated of Bell’s inequality.

and 1 1
(ngNg) = 5 sin?(0) — 6y), (nxN.) = 5 cos? (0, — 0y). (9.32)

Using these answers we obtain the average
(xy) = —cos2(6; — 65). (9.33)
Now we construct the Bell’s inequality (9.26),
| cos2(61 — 62) + cos 2(6; — 02) + cos 2(61 — 65) — cos 2(6; — 65)| < 2. (9.34)

The maximal value of the left side of the last relation reaches at angles

™ ™ ™
0/2—01257 91—92:§, 92—9'125, (935)

cf Fig. 9.7 and equal to
max| cos 2(6; — 03) + cos 2(6; — 62)+
cos 2(6; — 0y) — cos2(0; — 65)| = 22 > 2. (9.36)

This is the theoretical maximal violation of the Bell’s inequality. For the
state
[x0) (rt{L)[R) + rt|R)|L)) (9.37)

we have to substitute 0, — —05.
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Chapter 10

Full Counting Statistics

10.1 Introduction

In general, it is not only interesting to measure the average current through
a quantum wire but also higher moments,

Q") = /tdtl ceedty, (I(ty) -+ 1(tn)). (10.1)

0
Given the knowledge of all the cumulants, one can infer the noise such a
quantum wire would induce on a nearby quantum system without using the
assumption of Gaussian noise [1-3]. Furthermore, it allows for a precise
discussion of the detector properties of a quantum point contact coupled to
a nearby quantum bit [4]. Customary, all the information of the moments is
combined in the generating function

X(A) = Z w(i)\)" = <e*i>\Q/e>- (10.2)
n! ’ '
n
called the characteristic function of the “full counting statistics”; the arbi-
trary factor of —e has been introduced to render A dimensionless. The char-
acteristic function provides all the information about the charge transport
and enables an easy determination of the moments via taking derivatives

(=@/ey) = )| (10.3)
However, cumulants defined via
dTL
— e n = — 10 A .
(@1 = gy lox| (104)
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are usually better suited than moments to characterize a random process.
They have the following important properties: (7) if the random variable is
shifted by an amount ¢ then all cumulants n < 2 remain invariant, (((Q +
o)™y = ((Q™)). (ii) they are homogeneous of degree n, ({(cQ)™)) = " {({Q™)).
(i) given two independent random variables Q and @, the cumulants are
additive, ({((Q + Q)™)) = Q™) + ((Q™). From the last property, one
deduce that ({(Q™)) o t for large times ¢ larger than any correlation time in
the system. The argument goes as follows: for large times, the process can
be thought as being composed of many subprocesses which are independent
on each other (each of them being larger than the correlation time) and add
up to the total answer. As the number of subprocesses grows linear in ¢ so
does the total cumulant.

Next, we want to introduce the notion of the number n of electrons trans-
fered in the time ¢ which is related to the charge via ) = —en. The random
process is determined by the probabilities P, that exactly n electrons are
transmitted in the time ¢, i.e.,

Y(\) = <€—i>\Q/6> _ anei)\n. (10.5)

Note, that the assumption that n is an integer leads to the fact that x(\)
is periodic with period 27. Given the characteristic function, the P, can be
obtained by a Fourier transformation

2
ax _,
Po= [ Ze™"x(\). 10.6
| e (10.6)

In quantum mechanics, the problem of assigning a rigorous definition to
X(A) appears. There are at least two ways to define x(\). (a) we can use
the definition of the current operator

(1) = S0 1) 1) — (1) ) (10.7)
to calculate (10.1) which defines x;(A). (b) we can calculate P, using a pro-
jection of the wave function on the part describing the event of n transmitted
particles; in this case x(A) is by construction 27 periodic. It turns out that
the two approaches lead to different results and we have to model the specific
counter together with the quantum wire in order to obtain an unambiguous

result. The ambiguity can be traced back to the fact that in the quantum

150



Full Counting Statistics

version of Eq. (10.1) no recipe for the ordering of the noncommuting cur-
rent operators is given. Taking (10.1) literally, the current operators should
be symmetrized. On the other hand, one could think about time ordering
them or any arbitrary other choice. In the following, the different approaches
pursued in the literature will be outlined.

Full counting statistics was first introduced in a pioneering paper by Lev-
itov and Lesovik in 1992 [5]. They used the definition (a) for a setup where
a single-mode quantum wire with transmission probability 7" is biased by a
voltage V' at zero temperature. Their result

V) = (e ey
— [cos()\ﬁ) + i\/Tsin()\ﬁ)}N, (10.8)

with the number of attempts N = 2eVt/h > 1, is periodic with periodicity
27/ VT which admits the interpretation that the charge is quantized in units
of e* = ey/T. Measuring (10.1) would imply to be able to monitor the
current operator instantaneously; thereby, making it essentially a classical
random variable. However, any realistic measurement device averages the
current operator over a small time interval so that up to our knowledge no
measurement, apparatus is expected to retrieve the full counting statistics
given by Eq. (10.8).

Having realized the necessity to include a realistic counting procedure
in the description of the full counting statistics, Levitov and Lesovik put
forward the idea of counting the electrons by an auxiliary spin 1/2 degree
of freedom [6, 7]; the procession frequency of the spin is proportional to
the magnetic field which itself is proportional to the current. Therefore,
the precession angle of the spin directly measures the transmitted charge Q).
More precisely, we the interaction between the spin and electrons in the wire
is given by

C

Hiy = 1 /dx I(z)A(x) (10.9)

with A(x) the component along the wire of the vector potential generated
by the spin 1/2. In general, the interaction is long-ranged dipole interaction.
For simplicity (and to keep the charge quantization exact), we model the
interaction as a point interaction with a vector potential of the form

A(x) = Ago(z — )0, (10.10)
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where o, denotes a Pauli matrix, z is the position of the spin counter and
Ap is its interaction strength with the electrons in the wire. Accordingly, the
interaction Hamiltonian assumes the form Hiy = Hine +|T)(T| + Hine,— | 1) (1]

with
hI(ZL‘O)

2e
and A = 2eAy/hc. Given an initial position of the spin counter described by
the density matrix p*(0) at time ¢ = 0, the counting statistics is expected

Hing+ = FA (10.11)

the reveal itself in the rotation angle of the spin (off-diagonal element of
the density matrix) after a time ¢t. The time evolution of the off-diagonal
element of the spin density matrix is given by (assuming the density matrix
at time ¢t = 0 to be separable with p¥(0) the density matrix of the electronic
subsystem)

PTT(t) = Try, [e—i(HwHint,f)t/h pe(0) ei(Hw+Hint,+/h):| piT(O) (10.12)

—iX [Ydt' I(zo,t')/2e W —iX [Ydt' I(zo,t')/2e S
([ ] (o) [ ] )
where the trace Tr, is taken over the electronic degrees of freedom, H,,
denotes the Hamiltonian of the electronic subsystem. In going from the
first to the second line in (10.12), we went from the Schrdodinger to the
interaction picture where the free evolution operator H,, dictates the time
evolution of the current operator I(xg,t); furthermore, ||+ denote time- and
antitime-ordering of the operators enclosed, respectively. Defining x(\) to
be pi;(t)/p};(0), the generating function of the full counting statistics for a
spin counter assumes the form

X(\) = < [e’“‘ It dt/f(t/)/ze}

The difference to (10.8) is due to the distinct ordering of the current op-
erators. Given the definition (10.13), the characteristic function of the full

counting statistics for the constant voltage setup

[64)\ I dt/l(twe] > (10.13)

+ —

YO = [1 ] (10.14)

is 27 periodic, which infers a quantization of the charge in units of e. Even
though for the constant voltage case the spin 1/2 definition of the full count-
ing statistics turns out to be 27 periodic there is no argument why this
should be the case for general setups, i.e., for general H, and p.(0). Even
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more, Shelankov and Rammer [8] have constructed an example where the
initial state is a superposition of electrons incoming from the left and from
the right where the generating function is only 47 periodic; note that even
though the spin counter does not always provide an answer where the charge
is quantized in units of e, the generating function is measurable and corre-
sponds to the dephasing of a qubit coupled to the quantum wire, cf. Ch. 77.
Shelankov and Rammer provided an alternative definition of x(A) which is 27
periodic and where the associated P, can be proven to be positive. This new
definition matches the idea to measure P, directly, definition (b), proposed
by Muzykantskii and Adamov [9] and used by others [10, 11]. Performing
a measurement modeled by the operator Q = f;; dzx |z) (x| which measures
the charge to the right of the counter at time ¢ = 0 and comparing it to the
charge residing there at time ¢ we can infer the number of electrons which
passed the counter during the time ¢. This measurement setup yields the
characteristic function

X(V) = (eI e, (10.15)

where U = exp(—iHyt) is the (unitary) evolution operator and (-) is an
average over an eigenstate of the operator Q, i.e., the particles are initially
either to the left or to the right of the scatterer thereby avoiding the states
which lead to a 47 periodic generating function in the case of the spin counter.
A different definition of x(\) was put forward by Nazarov using the Keldysh
formalism in a system without physical analogue which involves different
Hamiltonians Hy, + Hiy + on the forward and backward time contour, cf.
Eq. (10.12) [12].

10.2 Full counting statistics of one single elec-

tron

Consider a wave packet (for ¢ — —oo and traveling to the right)
dk i(kr—wgt)
Uin(z,t) = Uyp(a,t) = By f(k)e i (10.16)
T

centered around kg > 0 with quadratic dispersion wy, = hk?/2m and normal-
ization [(dk/2m)|f(k)[* = 1, incident on a scatterer characterized by trans-
mission and reflection amplitudes ¢, and r,. We place the qubit behind the
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scatterer to have it interact with the transmitted part of the wave function.
The transmitted wave packet then acquires an additional phase due to the in-
teraction with the qubit: for a magnetic interaction the extra phase accumu-
lated up to the position 2 amounts to 6¢4(z) = 27 [* da’ A,(2") /Py, indepen-
dent of k; as x — oo this adds up to a total phase A/2 = 27 ffooo dx Ay (z)/ Py,
cf. (??). For an electric interaction, cf. (?7?), the situation is slightly more
involved: the extra phase can be easily determined for a slowly varying (qua-
siclassical) potential of small magnitude, i.e., ep| < A*kZ/2m. Expanding
the quasiclassical phase [“dz’ p(2')/h with p(z) = \/2m(E + ep(x)) to first
order in the potential ¢(z) yields the phase d¢,(x) = (e/hv) [ da’ p(z)
which asymptotically accumulates to the value A/2; its v-dependence is due

to the particle’s acceleration in the scalar potential and will be discussed in
more detail below. Moreover, note that ¢4 changes sign for a particle mov-
ing in the opposite direction (kK — —k) (i.e., under time reversal) whereas ¢,
does not. For a qubit placed behind the scatterer both magnetic and electric
couplings produce equivalent phase shifts. Depending on the state |1) of the
qubit, the outgoing wave (for t — o0)
+ _ [ dk —iwyt —ika +iN/2, ik
U (z,t) = %f(k)e e ™0 (—x) +e tre'™ ()]

acquires a different asymptotic phase on its transmitted part. The fidelity is
given by the overlap of the two outgoing waves,

dk

D) = [ v, W (w0 = [ R+ ST P

= (R); +e™T)y, (10.17)

where Ry = |ri|* and T}, = |tx|? denote the probabilities for reflection and
transmission, respectively, and we have neglected exponentially small off-
diagonal terms involving products [ dkf(—k)*f(k). The result (10.17) ap-
plies to both magnetic and electric couplings; its interpretation as the gen-
erating function of the charge counting statistics provides us with the two
nonzero Fourier coefficients Py = (R); and P, = (T'); which are simply
the probabilities for reflection and transmission of the particle. This result
agrees with the usual notion of ‘counting’ those particles which have passed
the qubit behind the scatterer. When, instead, the interest is in the system’s
sensitivity, we observe that the fidelity x(\,?) lies on the unit circle only for
the ‘trivial’ cases of zero or full transmission 17" = 0, 1, i.e., in the absence of
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partitioning, or for A = 27Z; the latter condition corresponds to no counting
or the periodic vanishing of decoherence in the qubit. On the contrary, in
the case of maximal partitioning with (R); = (T'); = 1/2, a simple phase
shift by A = 7 makes the fidelity vanish altogether. Hence, partitioning
has to be considered as a (purely quantum) source of sensitivity towards
small changes, as chaoticity generates sensitivity in a quantum system with
a classical analogue.

The result (10.17) also applies for a qubit placed in front of the scattering
region provided the coupling is of magnetic nature (for the reflected wave,
the additional phases picked up in the interaction region cancel, while the
phase in the transmitted part remains uncompensated). However, an electric
coupling behaves differently under time reversal and the fidelity acquires the
new form

XA 1) = e (e™(R)y + (T)y). (10.18)

Next, we comment on the (velocity) dispersion in the electric coupling A:
the different components in the wave packet then acquire different phases.
To make this point more explicit consider a Gaussian wave packet centered
around ko with a small spreading 0k < ko and denote with )y the phase
associated with the kg mode. The spreading dk in k generates a corresponding
spreading in 0\ & A\g(d0k/kg) which leads to a reduced fidelity

_ 23(sk)?

26 Thy,s (10.19)

X 8) = (B)p + (€T~ Ry +
where we have assumed a smooth dependence of T}, over dk in the last equa-
tion. The reduced fidelity for 7" =1 is due to the acceleration and decelera-
tion produced by the two states of the qubit.! The wave packets passing the
qubit then acquire a different time delay depending on the qubit’s state. As
a result, the wave packets become separated in space with an exponentially
small residual overlap for the Gaussian shaped packets.
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