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Exercise 1. Interaction picture

The interaction picture in quantum mechanics is an intermediate representation between the
Schroedinger picture and the Heisenberg picture.

Consider the Schoedinger problem
ih 0 [¢(t)) = H(t)[v(1)),

with the hamiltonian:
H(t) = Hy+ V().

Assuming that Hy is an exactly solvable time-independent hamiltonian, the Interaction Picture
is defined as:

[¥1(t)) = Uo(to, )| (1)) (1)
Ar(t) = U(to, t) AUt to), (2)

where the evolution operator of Hy reads:

Uo(t, to) = eHoli=to)/h,

(a) Show by explicit computation that the time evolution operator in the interaction picture
can be written as

Ur(t, t1) = Uo(to, YU (¢, 1)U (t1, to) (3)
in agreement with (2).
(b) Starting from the formula above show that
ihoUr(t, to) = Vi(t) Ur(t, to),

where V;(t) is just the potential V(¢) in the interaction picture.

Exercise 2. Long-distance scattering

Starting from the form of the wave function for r — oo

-, eikr
O(F) = M 4 f(8)—, (4)

r

(a) Compute the probability density of the outgoing spherical plane wave:
- h
) = —— (VY —pVY*
J = g (07 — V)

(b) Show that the asymptotic solution in (4) indeed solves the Schroedinger equation in the
limit » — oo

<_2ﬁ;vz . v(r)> b(F) = BY(F)

as long as the scattering potential satisfies

lim rV(r) — 0.
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Exercise 3. FElastic-Scattering from a central potential

Consider the elastic scattering off a central potential

2
€ .
V(T’) = 7"72, with [ %
The Schroedinger equation reads as usual:
h? € R o
VRt 5 ) ) = B () (5)

Using the usual partial-wave decomposition:

= >~ Rilr) Pu(cos ),

=0

compute the phase shifts ¢;(k) and the scattering amplitude f(6),

Hint:

e Recall that:
ZPI cos 6) 28111(9/2



