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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

NSR action

Light cone gauge fixing

The Neveu—Schwarz—Ramond action in light cone gauge

1 i i TP i
Sisk = — 5 /d% (BaX'0%X" = it p®Bat)’)

transverse coordinates i = 1,...,8
m ¢’ is a worldsheet Majorana 2-spinor
m 1) is a spacetime vector

m SO(8) rotational symmetry = 1’ is an 8, representation of SO(8)
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Building up the spectrum

Tools for generating the spectrum

Open string or the right-moving part of a closed string.
Creation and annihilation operators:

m X' o', and o necz
T d’, and d’ m e 7Z for R-sector
' b',and bl reZ+ 3 for NS-sector
The mass® operator:

Za ol + Zmd_m S — = for NS-sector
n>0 m>0
N(@) N(d)
2 = ZaLna; + Zrb’;rbi for R-sector
n>0 r>0
N Nb)
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Building up the spectrum

Ground states

NSR formulation: All creation/annihilation operators are spacetime vectors.
m Bosons — bosons
m Fermions — fermions

m Ground state determines the type of spectrum (bosonic or fermionic) built
on it

m NS-sector (spacetime bosons)

m Scalar ground state (bosonic): |0)

= Tachyonic: o'm* = —}

m R-sector (spacetime fermions)
{d§’,dy } =n"" = spinor of SO(1,9)
m Spinor ground state (fermionic): |c) x°(k)
x€(k) is a spinor, k is the momentum
m Massless: o/m* =0
B D=10 = 2°/2=32 complex components: ¢ =1,...,32
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Neveu-Schwarz—Ramond formulation Modular invarianc 1—Schwarz formulation

Constraints on the R ground state

Impose two constraints simultaneously on the R ground state!
Majorana constraint

Weyl constraint

Also, ground state spinor satisfies the Dirac equation.

Dirac equation
Each condition will reduce the degrees of freedom from the original 64
(32 complex) by a factor of two:

Majorana Dirac equation

32 complex ——— 32 real Wyl 16 reql Dreceauton, g oy

Crucial for spacetime supersymmetry!
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Constraints on the R ground state

Majorana constraint

Majorana constraint: reality condition on the spinor field

m The massless Dirac equation:
iT™o,x =0
" — 10 generally complex 32 dimensional Dirac matrices.

m If all Dirac matrices are real or imaginary (“Majorana
representation”), then possible to impose reality on .
(“Majorana spinor”™)

m This is possible in D = 2,3,4 (mod 8).

m Construct imaginary Dirac matrices just for D = 10!
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Neveu-Schwarz—Ramond formulation Modular invarianc

SO(8) Clifford algebra

m Spinor representation of SO(8): A = (A2, \?)

)

. . a=1,...,8 spinor index
Reducible 85 & 8¢ representation 5=1....8 conjugate spinor index

m The SO(8) transformations can be constructed with the help of the
Dirac matrices, which obey the Clifford algebra.

(' v} =28
. i_
v = ( ? 76‘3> i,j=1,...,8 vector index
Vaa 16x16

= Real, symmetric v matrices constructed from the Pauli matrices:

“/;a =102 ®i02 ®i02 vfa =1®o ®ioy
v =1®03i0 Y=o ®ic,®1
Yoz =03Rio, @1 =i ®@1®a
=i ®1®o03 E=19191
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Neveu-Schwarz—Ramond formulation Modular invarianc

SO(1,9) Clifford algebra

m The (25 = 32)-dimensional Dirac matrices of the SO(1,9) spinor
representation obey the Clifford algebra as well:

{rervy=-29*  puv=0,...,9

m SO(8) is the transverse subgroup of SO(1,9). Use +' matrices to
build the '* matrices
FO = 092 ® 116
r’:[o']_@’y’ i:17..‘,8
Fg = i03 ® 1116
m ' are all real = T* are all imaginary
The Majorana representation is possible!

X: 32 complex — 32 real components
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Constraints on the R ground state

Weyl constraint

Weyl constraint: the spinor field has definite chirality

Define chirality operator: Tyy = °rt...°
Anticommutes with all the other Dirac matrices and squares to
identity:

{fy,My=0  (Tu)’=1

Spinor of definite chirality (“Weyl spinor”):
Mix = *x

By demanding positive or negative chirality, again eliminate half of
the degrees of freedom

x:16 516 — A:8:;D 8.
32 real — 16 real components

Note: Majorana and Weyl constraints are only compatible in
D =2 (mod 8) dimensions.
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Constraints on the R ground state

Dirac equation

Dirac equation (massless):
im™o,x =0
m For Weyl spinors A = (As, Ac), this reduces to

(B0 £ o) N +750X2 =0  a=
(8o F Oo) N2+ 75,002 =0 a=

1,...,8
1,...,8
for chirality Mix = £x

m The spinor and the conjugate spinor representations are not
independent for a definite chirality!

AN:8P8 — Ns:8 or A:8c
16 real — 8 real components

+ chirality — Choose 8;

— chirality — Choose 8 } form 85 © 8c multiplet
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Open string spectrum

Without GSO projection

) states and their SO(8) representation . representation contents with respect
a’'m little group .
contents to the little group
NS-sector (bosons)
1 10)
-5 SO(9 1
3 . ©)
b, [0
0 "y 10) SO(8) 8y
BV
i i
1 ol 0) byt 10)
+5 SO(9 36
2 8y 28 ©
P R
brIleVJIZbVLQ ‘O>
‘1 o 56y ) S0(9) 84 @ 44
oy b, 10) b',, 10)
1@ 28 @ 35y 8y
R-sector (fermions)
a
\8> 8
0 s SO(8)
a
13) 8
8C
a'] |a) d'] |a) 128
. 8¢ @ 56¢ 8s @ 565 50(9)
ol |3) d' |a) 128
85 P 565 8¢ & 56¢
ij,k=1...,8 a,a=1,..., 8
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Neveu-Schwarz—Ramond formulation Modular invarianc sreen—Schwarz formulation

GSO projection

Why are we not satisfied?

Several properties of the NSR model so far which are not so tempting:
m Tachyon
m Anticommuting operators map bosons to bosons

m No spacetime supersymmetry:
#bosons # F#fermions on the same mass levels

m Conflict with modular invariance

Gliozzi, Scherk and Olive (GSO): truncate the spectrum

Will seem arbitrary at first, but the GSO projection is required by
modular invariance.
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

GSO projection

Truncation of the NS-sector

Let |¢o) be a bosonic state.
lg) = b2, b2, -+ b2, |o)

b’ are spacetime vectors = for Vn, |¢) is bosonic.

m n is even: product of the anticommuting operators is commuting
commuting operator: bosons — bosons

m nis odd: product of the anticommuting operators is anticommuting
anticommuting operator: bosons —> bosons

GSO projection: discard those with n odd.
Still have a choice in |po) states of reference. Appealing requirements:

m Get rid of the tachyon!
m #bosons = #fermions on the same mass levels!
Formally:
m Define quantum number: G = — (—1)F where F =37, , b, b}
m Demand: G|yg) =+|¢)
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Neveu-Schwarz—Ramond formulation Modular invarianc sreen—Schwarz formulation

GSO projection

Truncation of the R-sector

NS-sector truncation: all mass levels exist in both the fermionic and the
bosonic sector, but still #bosons # #fermions on the same mass levels.
GSO projection: eliminate half of the R-sector!

Formally:

m Generalize the chirality operator ['1; for massive levels:
oo

F=ru(-1)"  again F=> d',d}
m=1

m Demand: T |x) = % |x)
m {[,d"} =0 = Projection depends on the ground state. For the

ground state T = ';; = Only keep the states built onto the + or
— chirality massless Weyl spinors.

m Note: This does not mean that the massive states are Weyl spinors.
Massive spinors cannot be Weyl!
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Open string spectrum

With GSO projection

;7 2 states and their SO(8) representation G (NS) i representation contents with respect
a'm . little group ’
contents r(R) to the little group
NS-sector (bosons)
1 10)
-1 —1 SO(9 1
2 1 (9)
b, 10
0 2 1) +1 S0(8) 8y
a\l
i i)
1 ol 0)  b,H, 10) . <o) 36
8y 28
P E—
b—’]ZHIZbrlz ‘0>
56y )
+1 - . +1 SO(9) 84 @ 44
al b, 0y b, 10)
16 28 @ 35y 8y
R-sector (fermions)
12) +1 8s
0 SO(8)
-1 8c
oy |a)
o +1 128
. 8c @ 56c 50(9)
al |3)
. -1 128
8s @ 565 8¢ P 56¢
ij,k=1...,8 aa=1, 8
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Open string spectrum

With GSO projection

;7 2 states and their SO(8) representation G (NS) i representation contents with respect
a’'m - little group 5
contents r(R) to the little group
NS-sector (bosons)
b 10
2 1
b, 10
0 2 1) +1 S0(8) 8y
8y
. ooy bip o
8y 28
P E—
b—’]ZHIZbrlz ‘0>
56y
+1 L . +1 SO(9) 84 @ 44
al b, 0y b, 10)
16 28 @ 35y 8y
R-sector (fermions)
‘;> +1 8s
0 ° SO(8)
I2) -1 8c
8C
oy |a)
o +1 128
. 8c @ 56c 50(9)
N EN . 128
8s @ 565
ij,k=1...,8 aa=1, 8
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Open string spectrum
With GSO projection

;7 2 states and their SO(8) representation G (NS) i representation contents with respect
a’'m - little group 5
contents r(R) to the little group
NS-sector (bosons)
b 10
2 1
b, 10
0 2 1) +1 S0(8) 8y
BV
. ooy bip o
8y 28
P E—
b—’]ZHIZbrlz ‘0>
+1 S S 50(9) 8 & a4
al b, 0y b, |0)
16 28 @ 35y 8y
R-sector (fermions)
‘;> +1 86
0 ° SO(8)
|3
8¢ N
oy |a)
P +1 128
8¢ @ 56
41 oo 50(9)
o' |3
8s @ 565 8¢ P 56¢
ij,k=1...,8 aa=1, 8
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Open string spectrum

With GSO projection

o m2 states and their SO(8) representation G (NS) ittle grou representation contents with respect
contents T (R) group to the little group
NS-sector (bosons)
b 10
2 1
b, 10
0 e 10) +1 SO(8) 8y
8y
. ooy bip o
8y 28
A —
b—lmbg]zqu ‘0>
+1 o 56y ) 1 S0(9) 84 @ 44
al b, 0y b, |0)
16 28 @ 35y 8y
R-sector (fermions)
IF}
o
) 8s S0(8)
13) _1 8
8C
o P
. 8c @ 56c B @ 56s $0(9)
N EN d' |a) . 128
8s D 565 8¢ @ 56¢
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Closed string spectrum

Tensoring together states

Closed string spectrum: tensor product of the left- and right-movers

Bosons: (NS,NS) and (R,R) Fermions: (NS,R) and (R,NS)
mly=1Lp = mf:mf?

— only states of the same mass levels can be tensored together

m GSO projection: separately for left- and right-movers

m type lIA theory
] NS—sector:_ G, = gR = +1
m R-sector: [} = -Tr=1
m type IIB theory
] NS-sector:_ G, = Gr = +1
m R-sector: ' =Tr=1

m Only the massless level is different!
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Neveu-Schwarz—Ramond formulation

Modular invarianc

Closed string spectrum

With GSO projection

Green—Schwarz formulation

;2 states and their SO(8) representation G (NS) Gg (NS) . representation contents with respect
a’m ! i little group ’
contents r(R) Mk (R) to the little group
(NS,NS)-sector (bosons)
2 100, ® 10)g 1 1 50(9) 1
191
— ;
0 By 10), ® b, 100 +1 +1 SO(8) 128 @ 35,
8y ® 8y
(R,R)-sector (bosons)
la), @ |b)g
+1 +1 1@ 28 @ 35
8s © 8s © 28 @ 355
3 b
13, ® [B)g 1 -1 1@ 28 @ 35¢
. 8c @ B¢ 50()
13), ® |b)g
-1 1 8, @& 56
8 ® 8 N v S
la), @ |b),
+1 —1 8, @ 56
8s @ 8c v @ 56y
(R,NS)-sector (fermions)
2 bl |0
\ahB@@ 48; 10) g 11 41 8¢ @ 56¢
0 s ® By S0(8)
3 b, 10
2} @ B, |0)g —1 11 85 @ 565
8c ® 8y
(NS,R)-sector (fermions)
B |0
"2!‘3){2‘3)” +1 +1 8¢ @ 56c
0 B S0(8)
b 10y, ® |3
i 1000 @ [3) +1 —1 85 @ 565
8v ® 8¢

ImRe Majer — Superstrings

19/42



Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Closed string spectrum

With GSO projection

;2 states and their SO(8) representation G (NS) Gg (NS) . representation contents with respect
a’m ! i little group ’
contents r(R) Mk (R) to the little group
(NS,NS)-sector (bosons)
TN
1®1
— ;
0 Bz 100, ® By 10} +1 +1 S0(8) 128 @ 35
8y ® 8y
(R,R)-sector (bosons)
la), ® [b)g
+1 +1 1328335
8s © 8s © 28 @ 355
3 b
1) ® [B), -1 -1 1628 @ 35
. 8c @ B¢ 50()
[3), ® [b)g
—1 1 8, @& 56
8 ® 8 N v S
la), @ |b),
+1 —1 8, @ 56
8 © 8 v
(R,NS)-sector (fermions)
2 bl |0
\ahB@@ 48; 10) g 11 41 8¢ @ 56¢
0 s @ By 50(8)
3 b, 10
2} @ B, |0)g —1 11 85 @ 565
8c @ 8y
(NS,R)-sector (fermions)
B, |0
"2!‘3){2‘3)” +1 +1 8¢ @ 56c
0 B S0(8)
b 10y, ® |3
i 1000 @ [3) +1 —1 85 @ 565
8v ® 8¢
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Neveu-Schwarz—Ramond formulation

Modular invariance

Closed string spectrum

With GSO projection

Green—Schwarz formulation

;2 states and their SO(8) representation G (NS) Gg (NS) i representation contents with respect
a’'m ! i little group i
contents r(R) Mk (R) to the little group
(NS,NS)-sector (bosons)
O ll
1@ 1
— :
0 By 10), ® b, 100 +1 +1 S0(8) 1@ 28 @ 35y
8y ® 8y
(R,R)-sector (bosons)
E] & b
8s ® 8s N
E-EL
0 8c @ 8c s0(8) .
|2 R |h
8c ® 8 N
la), @ |b),
+1 -1 8y @ 56
8 © 8 v S
(R,NS)-sector (fermions)
@b, 10
\a)L;O ,.82 10) g 41 41 8¢ @ 56¢
0 s ® By S0(8)
|5 S b 10
8c © 8y T
(NS,R)-sector (fermions)
B |0 Rl
0 ek S0(8)
b 10y, ® |3
1 10 @ 13)g 4 . 8¢ @ 565
8v ® 8¢
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Neveu-Schwarz—Ramond formulation Modular invariance Green—Schwarz formulation

Closed string spectrum

With GSO projection

_ i little group
L (R) = (R)
(NS,NS)-sector (bosons)

;2 states and their SO(8) representation G (NS) Gg (NS) representation contents with respect
contents

to the little group

|10 ﬁ 10
1®1
B, 10), @ by, 10)g
8y ® 8y

+1 +1 SO(8) 1@ 28 @ 35y

(R.R)-sector (bosons)

la), @ |b)g
8s ® 8s
E-EL
0 8c @ 8c s0(8) .
|2, 2 b
8c ® 8 N
E): |p

8s ® 8c

+1 41 1@ 28 @ 35

(R,NS)-sector (fermions)

la), ® bly, [0)g
8s ® 8y

AN
8c @ 8y S

(NS R)-sector (fermions)

+1 +1 8c @ 56c
S0(8)

B (

v 2‘30>L'5§ 12} +1 +1 8¢ @ 56¢
0 A S0(8)
bl 100, |3

8v ® 8¢
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Closed string spectrum

Massless spectrum of type Il theories

Massless spectrum:

Type IIA Bosons:
[1328®35,] @ [8, ® 56,

Fermions:
[8c ® 56c] & [8s @ 564]
Type IIB Bosons:
1928 35,]d[1d 28D 35]

Fermions:

[8c ®56c] @ [8c @ 56(]

1 — dilaton

28 — rank 2 antisymmetric tensor
35, — graviton

8, — vector

56, — rank 3 antisymmetric tensor

8,/c — dilatinos of opposite
chirality

56, — gravitinos of opposite
chirality

35¢ — rank 4 self-dual
antisymmetric tensor
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Neveu—Schwarz—Ramond formulation Modular invariance Green—Schwarz formulation

QOutline

Modular invariance
m Spin structures
m Partition function
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rz—Ramond formulation Modular invariance Gre hwarz formulation

Spin structures

Investigate loop partition functions (vacuum bubbles):

m Supersymmetric theory: the loop partition functions vanish due to equal
positive and negative contributions respectively from bosons and fermions.

m g-loop vacuum bubble worldsheet is conformally equivalent to a class of
Riemann surfaces of genus g

m Riemann surface of genus g: 2g uncontractible loops.

m ¢)-field: periodicity or antiperiodicity for each of the loops: 2°¢ choices,
228 different spin structures

m Even/odd spin structures: Number of zero modes of the chiral Dirac
operator (V; or Vz) is even/odd

Investigate only the one-loop partition function.
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hwarz—Ramond mulation Modular invariance Green—Schwarz formulation

Spin structures

Torus

One-loop vacuum bubble worldsheet: conformally equivalent to a class of torii.
m Four possible spin structures corresponding to boundary conditions along
the two loops: (+,+), (+,—), (—,+),and (—,—)
m Put globally flat metric onto torus: V, — 0,
m Only global zero mode: constant spinor = (+, +) boundary condition

(+,4) — 1 zero mode: odd
(+,—) — 0 zero mode: even
(—,+4) — 0 zero mode: even
(=)

—,—) — 0 zero mode: even

)
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hwarz—Ramond formulation Modular invariance hwarz formulation

Spin structures

Higher genus Riemann surfaces

Two statements:
For a given spin structure, the number of chiral Dirac zero modes is

a topological invariant modulo two.
The number of chiral Dirac zero modes is additive modulo two when
gluing together two Riemann surfaces.

The number of even and odd spin structures on an arbitrary Riemann
surface of genus g (from spin structure on torus and B):

m Odd: 30, aa (5)357™ = 2671(28 - 1)
m Even: 3 en (8)367 ™ =2671(28 + 1)
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eveu—Schwarz—Ramond formulation Modular invariance Green—Schwarz formulation

Spin structures

Back to the torus

Recall:
m Parametrize torus by ¢, £2 € [0, 1]
m Complex coordinates: z = & + 762, z = ¢! 4 7¢2
m Modular transformations of 7 (Teichmiiller parameter)

ar + b
ct+d

lead to locally conformally equivalent tori.

m Generator of modular transformations:
St —s—1/7 — (51,52> N <—§2.,gl)

T:7T—71+1 = (61752>_><£1_‘_£27£2>
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eveu—Schwarz—Ramond formulation Modular invariance Green—Schwarz formulation

Spin structures

Boundary conditions under modular transformations

m Four possible boundary conditions (spin structures)
1/)(51,52) = iw(gl + 1,52) (NS or R-sector)
V(€)= (€1, € +1)

m How do the boundary conditions transform under modular
transformations?

)
S: (+,+) — (+,+), (= +) — (+,-)
)

T : (+,+) — (+,+), (—+) — (=)

m Even and odd spin structures transform irreducibly under modular
transformations.

® Invariance under global diffeomorphisms — Need modular invariant
expression for the partition function!
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Neveu—Schwarz—Ramond formulation Modular invariance Green—Schwarz formulatior

Partition function

Recall the bosonic partition function on a torus:
Z(t) =Tre®™ ™"
Generalize this to the fermionic field:
Z (1) =y Tr e?™iTHR (fl)F Z" () =0 Tr e2miTHR
Z (1) =y Tre®™ s (—1)F Z (1) =n__ Tre’™ s
On symbols and notations:
m ZFF: contribution of the corresponding spin structure for a left-mover

m 7+4: phase factor which ensures the modular invariant combination

| (fl)F: For anticommuting variables, the trace ensures antiperiodicity
over &2, so insertion of (fl)F will result in the desired periodicity.

w He=3 o md ndp+ 3 and  Hus = Y0°,, bl b —
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eveu—-Schwarz—Ramond formulation

Modular invariance

Partition function

Gree

1—Schwarz formulation

After some calculations:

where 0;(7) are the Jacobi theta functions and 7 is Dedekind’s eta function

m 0 =0

m Recall the modular transformation propterties

02 (=Y/7) = (=iT)"0a(7)
03 (=Y/7) = (=i7)"03(7)
0s (—/7) = (—iT)"?02(7)

n(=Yr) = (=ir)"n(r)

Oa(7 + 1) = e™*0,(7)
93(7‘ =+ 1) = 94(7‘)
94(7‘ + 1) = 93(7‘)
n(r+1) = & ?n(r)
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eveu—Schwarz—Ramond formulation Modular invariance Green—Schwarz formulation

Partition function

Determining phases by modular invariance

Determine the phase factors by requiring modular invariance of the partition function
separately for left- and right-movers!

Z(7) = Zterm(T) Zbos(T) = [Z++(T) +ZT () +Z2 () + 277(7')} Zbos(T)

m Recall: Zpos(7) o< 1/n8(r)

= Do modular transformations! (Phase factors coming from Zy,,s also included.)

+— +— +— 92(7) [
Z: (1) =2 (1) 7 () = B L 7o
—+ 03(r) &+, Z(T)
2rrEmn ey T ey =g B L 2
0 (r) ()
= S N7 2 =2
= o=y =g =1

Z*++ transforms irreducibly, 44 cannot be determined like this, but further
considerations show that 744 = +1
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eveu—Schwarz—Ramond formulation Modular invariance Green—Schwarz formulation

Partition function

Acquiring the GSO projection

The partition function of the worldsheet fermions:

Ziam = Tr2™710 2 (1= (1)) = Tremt 5 (14 (1)) =

N——— S——
GSO projection in the NS-sector GSO projection in the R-sector
=L e — 0i(r) — i) 204 (7) | =0
27]4(7_) 3 4 2 1

Jacobi identity =0 6,=0

= Z(T) - Zferm(T)Zbos(T) =0

m GSO projection

m Equal contribution from spacetime bosons (NS) and fermions (R):
partition function vanishes. A necessary condition for spacetime
supersymmetry.
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eu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

QOutline

Green—Schwarz formulation
m Supersymmetry
m Building up the spectrum
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hwarz—Ramond mulation Modular invarianc Green—Schwarz formulation

Supersymmetry

Point particles

Spacetime supersymmetric point particle action

S= %/dr e (X" — g rHet)?

0%%(7) are Grassmann odd variables

m N supersymmetry: label A=1,..., N

D/2

Spinor index a=1,...,2

m Symmetries of the action (besides global Lorentz, local reparametrization
and Weyl invariance):

global supersymmetry: local fermionic symmetry: local bosonic symmetry:

50° = 04 = ir - pr” 50% = \O*
SxH = i rHot SxH = g rHs50” SxH = 0 rH 50"
(Se:O 6@:4eéAHIA (56’:0
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Supersymmetry
Strings

Spacetime supersymmetric string action

S$5=5+5%

S =— 2i /d% Vhh*PM, - Mg, where  M% = 9, X" — i T"9,6"
U

S :% /dQU {fie“ﬁaax“(élruaﬂel — 0°T,050°) + ea"élr“aaelémaﬁ#}

v

m S, is needed for local fermionic symmetry, that only works if N =0,1,2
m S, is supersymmetric in these cases:

D = 3 and @ is Majorana

D = 3 and 0 is Majorana or Weyl
D =6 and 6 is Weyl

A D =10 and ¢ is Majorana—Weyl
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Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Supersymmetric string theories

Majorana—Weyl spinor implies definite chirality for ' and 62.

Type |: Open superstring theory, only one chirality is posible due
to boundary conditions. This results in N = 1.

Type lIA: Closed superstring theory, where #' and 62 have opposite

chirality. N =2
Type 1IB: Closed superstring theory, where ' and 62 have the same
chirality. N = 2

Heterotic: Using only one 8 coordinate.

ImRe Majer — Superstrings 34/42



Neveu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Gauge fixing

= Weyl and reparametrization invariance to fix hag = 7ag

m The remaining symmetries to enforce light cone gauge. The degrees of
freedom of #* and #%:

ajorana e light cone gauge
e d

32 complex Majorana, 35 real 2% 16 real 8 real

m Light cone gauge still has rotational invariance for the transverse
dimensions.
— Surviving eight components of #* and 6> can be viewed as spinor
representations of SO(8).

m New symbol for the surviving eight: S* and S°.

m Convention: S belongs to 8s.

Type | Type lIA Type IIB
5% s also 8, 5% s 8. 5% s also 8,
a,a=1,...,8
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hwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Light cone gauge

In the light cone gauge, the equations of motion simplify dramatically. To the
point, where they can also be obtained from the action:

Green—Schwarz action in light cone gauge

Sk = —zi / d’0 (0aX'0°X' = i57p"0.5%)
iy

m S' and 5% were combined into a two-component Majorana worldsheet
spinor S°. Separately, they are one-component Majorana-Weyl spinors on
the worldsheet describing left- or right-movers.

m Compare with NSR action in light cone gauge.
1 i i NN i
ShiSi = o /dQJ (aux'a“x' — i p¥Oatp )
™ D

m Both ' and S? are worldsheet spinors but ¢’ is a 8,, and S° is a 8.
representation of SO(8).
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eu-Schwarz—Ramond formulation Modular invarianc Green—Schwarz formulation

Boundary conditions, quantization

Quantization is really similar to the NSR formulation.
{SAQ(U, ), SB (o, T)} = w6?26"B5(0 — o)

Boundary conditions can destroy supersymmetry, keep as many as possible!

Open strings: equate at boundaries Closed strings: periodic boundary
la _ c2a 1a 1a
5%(0,7) = S*%(0,7) S (o, 1) =50+ m,T)
Sta(n,7) = 523(71', T) 523(0, T) = 523(0 +m,7)
1 B la a,—2in(t—o)
la _ _— —in(T—o) S Sie
a_\/izsnae in(t—o 2(0-77—) % )
S 3(0_77_): S;} —2in(T+0)

% Zsra:efin(ﬂdro')

Supersymmetry reduces to N =1
type | theory

Keeps N = 2 supersymmetry
type Il theory

=(s7)"

{an S:} - 6ab5m+n
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rz—Ramond formulation Modular invarianc Green—Schwarz formulation

Triality

Equivalence of the NSR and GS formulations

Triality: There exists an automorphism of SO(8), that permutes the
representations 8,8, and 8.

bosonization — reshuffling — refermionization

= Poger = 0 "y’ o1 = 1(G‘Jl + ¢2 + b3 + da) L *Pg01 = 5'pas®
NG ' 2" VT i

L - LYy ‘ 1 -
ﬁe“daﬁ@‘z = pt o2 = 5(@1 + 2 — P3 — Pa) ﬁe“’jagag = 5%past

1

1 ‘ - —— _ he — 1 3 -
ﬁc‘w‘()g% _ w5paw6 o3 = i(¢1 P2 + Pz — Pa) - f’”gi)gng _ 55{)a56

1 5 - = — — oy — 1 ‘ —
NG *P5ps = P po° 7 2((1)1 92— ¢3 + ) W P o504 = 5 paS®

The Neveu-Schwarz—Ramond formulation (with GSO projection) is
equivalent to the Green—-Schwarz one.
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hwarz—Ramond mulation Modular invarianc Green—Schwarz formulation

Ground state

m The mass® operator:

L, o
oa'm’ = E al,ap,+ E mS? .,S2

n>0 m>0
—_———r ——
() N(S)

No normal ordering constant = ground state is massless.

m Ground state degeneracy: Sp maps ground state to ground state and it
obeys the Clifford algebra:

{88,551 =6"

Triality, similar construction to R-sector in NSR, just 8, <> BS/C

5(33 X 73 = (’; ,y(")é) or 56_3 X 75 = (705 Wéa)

The ground state is now a 8, @ 8./s multiplet:

|b0)g, 08, = |1} ¢'(K)+13) A (k) or |60)g, 8, = |1) C'(K)+|a) A2(K)
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eu-Schwarz—Ramond formulation

Open supers

Ground state is 8y

Modular invarianc

ring spectrum
8

Green—Schwarz formulation

;2 states and their SO(8) representation representation contents with respect
a'm little group )
contents to the little group
‘8’> 8y (boson)
0 v SO(8)
12 8¢ (fermion)
8C
T .
ecy 1) sS‘ "?6 84 @ 44 (bosons)
@ [+>) [4
+1 1o 2/.8 - 3 51;’ "D v SO(9)
oy 12) 11 128 (fermions)
85 D 565 8¢ @ 56¢
Compare with the result of the NSR formulation with GSO projection!
) states and their SO(8) representation . representation contents with respect
a’'m little group ’
contents to the little group
NS-sector (bosons)
b, 10
0 2 10) 50(8) 8y
8y
—
b1, 5%, 10),
+1 o 56y SO(9) 84 & 44
G, 10) b, 10)
1@ 28 @ 35¢ 8y
R-sector (fermions)
0 12) 50(8) 8c
8c
i3 i
F1 o 3) d; 1) 50(9) 128
8s @ 56¢ 8¢ @ 56¢
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Neveu—Schwarz—Ramond formulation Modular invarian Green—Schwarz formulation

Closed su perstrlng spectrum

Closed superstring states are tensor products of left- and right-movers.
For the massless level:

Type IIA: Opposite chirality for left- and right-movers.

(8,6 8:.)® (8,48 =(128 35, %8, ¢ 56,)
@ (8s ® 8. ¢ 565 P 56.)

bosonic

fermionic

Type IIB: Same chirality for the left- and right-movers.

8, ®8)® (8, ®8.)=(1028®35, 1@ 28 35:)
@ (85 @ 8 @ 564 @ 565)

bosonic

fermionic

Agrees with the NSR formulation!
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Thank you!

THANK YOU FOR YOUR
ATTENTION!
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