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1.1.1 Least Action Principle in Presence of Boundaries

Consider the 2D action for a free boson X(t,0)

S= ﬁf dodt((9,X)" +(9,X)")

where the boundary term will be taken into
account.

TE (—O0,00)
o€[0,7]

2D surface with boundaries.
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1.1.1 Least Action Principle in Presence of Boundaries

5,S=0 for S= i f dodt((0,X)* +(3.X)*)
4
0,8 = 1 [dodr((0,X)(0,6X)+(9,X)(,6X))
JU
1
=— |dodt|-(0*> +3>)X-6X+9_(0.X-6X)+0 (0 X-6X
— [dodr(~(2; +7)X-0X +4,(a,X-8X) +4, (2,X -5X))

The first term leads to KG-Egn., and the two remaining term can be
written as:

1
6,8 = - [dodt(a,(3,X 6X)+3,(3,X - 6X))
1 —_
=;fdadrV (VX@X)

— 1 o=
=%deZB(VX-ﬁ)5X=O — 0=;fdf(aax)5x\o=o
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1.1.1 Least Action Principle in Presence of Boundaries

o=

1
O=—|dt(d_X)oX
— [ dr(3,X)0x|

o=0

This equation allows two different solutions,
Hence two different boundary conditions:

d, X

o ‘0=0,

0X|

= 0 Neumann condition

=0=9,X| =0 Dirichlet condition

o=0,1

T & (—00,00)
o<|0.7)
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1.1.2 Boundary conditions for the Laurent modes

Consider this mapping: ] T

=0 5

o= o=() 2—() »—1

Then express the boundary conditions in terms of the Laurent modes.

Recall . : — find G = : -, c o onl T —ene
i@=ix@ YT 0 X|=i0-DX = j-]@= P (-7
neZ
i+0.X|=i(0+0)X = j)+j (@)=Y G,z +57)
nez

Apply to the boundary condition:

jn - jn =0 Neumann condition

J.+Jj. =0 (m,=0) Dirichlet condition
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1.1.3 Conformal Symmetry

j.-j,=0 NC

J.+7,=0 D.C

« Laurent modes of two currents j(2), Jj(Z) we have

* Now, also consider the Conformal Symmetry generated by EM-tensor,

T(z)= %N(jj)(z), T(z)= %N(ﬁ @)

where the Laurent modes for EM-tensor [ = lN(jj)
)

* For both Neumann and Dirichlet boundary conditions, we have

L-L=0|wm) Ti)=T®)

It means the central charge in holomorphic and anti-holomorphic theories have to be equal.
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1.2.1 A Glimpse of Partition Function

T E(-%,0) o€&][0,7] T periodic o €[0,7]

* One loop partition function for CFTs defined
on a torus

* For BCFT the topology of a cylinder instead
of a torus is yielded

* One-loop partition function in BCFT is
equivalent to tree-level amplitude in CFT:
Loop-channel — Tree-channel Equivalence

. /.  — 7
 Notation: loop

~

Z —7

tree

< (7,0)

(0,7)

open closed
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1.2.2 Boundary States

A * Focus on Closed sector (Tree-Channel)

y e Action formalism is not as general as Hilbert space
& formalism.

* Consider a Hilbert space of some theory. In the presence
of a boundary, there are some particular states satisfying
the boundary conditions, we call them Boundary States

9.X

r=0|BN>
7=0 |BD> -

closed

0 Neumann condition
0

d,X Dirichlet condition

closed
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1.2.3 Boundary States and the Laurent Modes

* Boundary Conditions into the picture of Boundary States:

closed |+—

d_X T—o|BN>=O Neumann condition

9_X

closed

o |BD> =0 Dirichlet condition

* We can also express them in terms of the Laurent modes:

l a X closed |, = E (]n +Jn +lno')
ncz

a closed E(]n o . +ln0)
ncz

Relabel n->-n jn+7_n BN>=O, (.7'170|BN>=O) N.C.

) _ Gluing Conditions.
Jo=Ju|Bp)=0 D.C.
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1.2.4 Solutions to gluing conditions

* The solution for the gluing conditions for the example of free boson

1 ol -
B,)=— -»—j ., j)0 N.C.
‘ N> N, exp( gk.]—k]—k)‘ >

1 ol -
B, )=— —j . j )]0 D.C.
‘ D> N, eXp("'; k]—k.]—k)‘ >

* It has the following structure

|B>=%;|%>®‘Un:1>
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1.3.1 Loop-Channel Partition Function ( Open Sector)

* the loop partition function for free boson
on cylinder is given by

ZC (t_) _ TY‘HB (qLO—c/24)

T
* For example, the Neumann-Neumann S\ |
boundary condition vl
ZCW, N)( 1 1
bos

R )
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1.3.2 Tree-Channel Partition Function ( Closed Sector)

* The tree-level amplitude is given by the overlap:

—  Cc+C
27xl(Ly+Ly—
( 0 0 24 )

Z°()=( OB|e B

* Finally, the partition function for the closed sector is calculated to be
(for the example of Neumann-Neumann boundary condition)

- 11
Ly (D) = —5—
N2 n(2il)
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1.3.3 Loop-Channel — Tree-Channel Equivalence

Fix the normalization constants.

Z M (1) = L
the open and closed sector are related by " 2\/7 n(it)
(O7T)open <> (T’O)closed i 1 1 _ N2 C(N N)(l)
2 po L y2m@in 2 Lo
Same cylinder: | ;- L 2il

:> N, =2

Similarly, |Np =1
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2.1 Boundary states for Rational CFT

* As for the free boson model, a boundary state in RCFT is required to satisfy the
following gluing conditions:

(L,-L..)

B> =0 Conformal symmetry

* Ishibashi States: |ﬁi>>= E|¢i’ﬁl>®U|$i’n:/l>

m

satisfy the gluing condition

* Question: Are Ishibashi states really our boundary state?
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2.1 Boundary states for Rational CFT

* Consider the following overlap of the Ishibashi states:

((B;|exp| 27 (L, + L, - (c+7)/ 24) || B))
=3, ((B,|exp|-27i2iD)(L, - ¢ 124)]|8,))
= 5U+TrHi (qLO_C/M) = 5ij+ x;(2il)

» S-transform of x(2il) does not give non-negative integer coefficients as required by
Verline formula: Za/a’ (1) = Enéfﬁ%i (it)

J
« Atrue boundary States |Ba>=zi3é‘/3i>>

 The complex coefficient are constrained by the Cardy Condition.
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2.2 Cardy condition

* Now, the cylinder amplitude between two boundary states can be expressed as

Z,,()=(©B, |exp[—2nl(L0 +L,—(c+T)/ 24)]|Bﬁ>

=Zm%«@

= ¥ B.B x,(2il)

exp|-27l(L, + L, - (c+T)/24)] B.))
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2.2 Cardy condition

* Loop-channel — Tree-channel Equivalence
closed sector cylinder diagram is transformed to the following in the open sector:

V4 [—1/2¢ V4 1 i DI .
Z,,() ==w%?52@%%%m)=?zﬂn
2y

Z,p (D)= Y nly (i)

Cardy Condition ensures Loop-channel — Tree-channel Equivalence

Z,;,(D—2—7 (1)

nly=YB.BS, €1Z
J

That is, for all pairs of the boundary states in a RCFT, such combinations have to be
non-negative integers.
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3.1 Ground-State Degeneracy

* Consider log Z, the effect of boundary leads to one other term log g, i.e.

logZ ,—logZ ;+logg Zg =8 Zup
* gisthen called Ground State Degeneracy

g =<()|O£><[5|0> 8§ =8u8p> 8a =<O|O{>

* Example of free boson: Z(1) = 1 S
= — 1
n(it) =—
- 57
ZC(N,N)(t) _ 1 1

e gisuniversal: does not depend on length or mass or any energy scale, only depends on
boundary.


Ziggy
螢光標示

Ziggy
螢光標示

Ziggy
螢光標示

Ziggy
註解
wrong! g=1/(1/2)^2
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3.1 Ground-State Degeneracy

* Once again, consider the cylinder partition function with Verlinde formula:

JU

0 ~(Lg=c/24) ;
Zs=Tr(e ) = Enaﬁxi
i
* The infinite limit of / could be expressed as modular transformation for the character:

Xi= ESUXJ'
J

e atinfinite limit of /, only ground state contributes to the expression, ESU'XJ
j

T (Ly—c/24) . )
thus Z.,s—=>Tr(e! )En(lxﬁSiO — & Zg/i’ with |8 =8,8; = En;ﬁSiO

i

* Interpretation: the consistency of this formula with g, = <0|a> puts certain
constrain on the possible boundary states and the coefficients n. This constraint is
Cardy Condition.
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Thank you for your attention.




