Group theory

Definition: group G isaset G = {a,b,c,...} witha product

a€g
beg = a-b€e§ associative (a-b)-c=a-(b-c)

identty E€G with F-a=a-F =a

inverse a@ € G —»a‘leg with a l-a=a-a"'=E

Example: Cy, symmetry operation of square
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Group theory

subgroup: group G’ subsetof ( g, C g
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number of elements:  |G’| devides |G|




Group theory representations

linear transformations: consider n-dimensional vector space V = {|1),]2),...,|n)}
transformations on V) by unitary n x n-matrices = glk) = Z Mi(9)17)

matrices M satisfies all properties of a group

representation
mapping (homomorphism) of group Q on n x n -matrices in v

g — M(g) conserving group structure == representation of g

(=) = K(a)-1
grg =g = MgMg)=Mgy | ¢ MO
M(E) = 1l,xn
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equivalent representations: M'(g) = UM/ (g)U~! basis transformation [/

characters:  x(g) = t""M(Q) independent of basis



Group theory representations

irreducible representation: independent of basis {M (g)} connects whole )

trivial representation: n=1 g — M(g) =1

A

example: Uy, M transformation of {Gz,dy}

dy, = (0,1) 4
1 0 0 -1 1 0 1 -1 0
&9::(1’0) E—>(0 1) C4—>(1 0 ) Cy —>(_1 0)02—)( 0 _1)
>
/ -1 0 0 1 0 -1
"’*_’((1) —01) "h_’(o 1)‘7"’_’ 10)"d_’(—1 0)
E C, Ci' o 0';1 04 0'{1 basis function
character 41 1 1 1 T 1 T I F
Al 1 1 [ [ R xy( _y?)
B)]1 -1 -1 1 1 1 -1 -1 y2
By1 -1 -1 1 -1 -1 1 1
El/2 0 0 -2 0 0 0 O (z.1)




Group theory representations & quantum mechanics

symmetry operations of Hamiltonian form a group G = {S‘l, .. }
Hilbertspace is vector space {|11),...}

stationary states:  H | ) = €, |0n)
S, H] =0 =  HS|gn) = SH|gn) = enS|pn)
|¢n) and |¢)) = g|¢n) degenerate

degenerate states form a vector space with an irred. representation of G
m
{I61),-- -, [ém)} with Slop) = > My |wr)
k'=1

dimension m of representation corresponds to the degeneracy
of eigenvalues



Group theory representations & quantum mechanics

symmetry lowering Cpy — Con,
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splitting of degeneracy through symmetry lowering
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