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Exercise 1 The aim of this exercise is to compute the µ(p0)→ e(p3)ν̄e(p1)νµ(p2) decay rate
using Fermi’s Theory. The Fermi Lagrangian is

LF = −2
√

2GF
[
ψ̄νµγ

ρPLψµ
] [
ψ̄eγρPLψνe

]
.

i) Prove the Fierz rearrangement

(ū1Lσ̄
µu2L)(ū3Lσ̄µu4L) = −(ū1Lσ̄

µu4L)(ū3Lσ̄µu2L).

to show that
LF = 2

√
2GF

[
ψ̄νµγ

ρPLψνe
] [
ψ̄eγρPLψµ

]
.

Hint: Work in the Weyl representation and make use of (σµ)αβ (σµ)γδ = 2εαγεβδ.

ii) Show that the squared (spin summed and averaged) amplitude for this process can
hence be written as

|M |2 =
1
2

(2
√

2GF )2Tr( 6p3γ
µPL( 6p0 +mµ)PRγρ)Tr( 6p1γµ 6p2γρPL).

iii) Recall that the differential decay rate is

dΓ =
(2π)4

2Eµ
dR3(p0; p1, p2, p3)|M |2

where dR3(p0; p1, p2, p3) is the 3 particle phase-space element. Derive the following
phase space factotrisation property

dR3(p0; p1, p2, p3) = (2π)3
∫
ds12dR2(p0; p12, p3)dR2(p12; p1, p2)

where s12 = (p1 + p2)2 and use it to integrate out the momenta of the neutrinos p1 and
p2. In other words show that

Tµρ =
∫
dR2(p12; p1, p2)Tr( 6p1γµ 6p2γρPL) = −

(
s12

6(2π)5

)[
gµρ − pµ12p

ρ
12

s12

]
.

iv) Parameterise the remaining integral in terms of the electron energy and show that∫
ds12dR2(p0; p12, p3) =

∫
dE3E3

(2π)5
.



and

s12 = mµ(mµ − 2E3)

p0.p3 = mµE3

p0.p12 = mµ(mµ − E3)

p3.p12 = mµE3.

v) Hence compute the Electron Energy spectrum

dΓ
dE3

=
G2
Fm

2
µE

2
3

12π3

(
3− 4E3

mµ

)
and the total decay rate

Γ =
m5
µG

2
F

192π3
.


